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The current research is focused on developing a well-posed multidimensional CFD two-
fluid model (TFM) for bubbly flows. Two-phase flows exhibit a wide range of local flow 
instabilities such as Kelvin-Helmholtz, Rayleigh-Taylor, plume and jet instabilities. They 
arise due to the density difference and/or the relative velocity between the two phases. A 
physically correct TFM is essential to model these instabilities. However, this is not the 
case with the TFMs in numerical codes, which can be shown to have complex 
eigenvalues due to incompleteness and hence are ill-posed as initial value problems. A 
common approach to regularize an incomplete TFM is to add artificial physics or 
numerically by using a coarse grid or first order methods. However, it eliminates the local 
physical instabilities along with the undesired high frequency oscillations resulting from 
the ill-posedness. Thus, the TFM loses the capability to predict the inherent local 
dynamics of the two-phase flow. The alternative approach followed in the current study is 
to introduce appropriate physical mechanisms that make the TFM well-posed.  
 
First a well-posed 1-D TFM for vertical bubbly flows is analyzed with characteristics, 
and dispersion analysis. When an incomplete TFM is used, it results in high frequency 
xvi 
oscillations in the solution. It is demonstrated through the travelling void wave problem 
that, by adding the missing short wavelength physics to the numerical TFM, this can be 
removed by making the model well-posed. To extend the limit of well-posedness beyond 
the well-known TFM of Pauchon and Banerjee [1], the mechanism of collision is 
considered, and it is shown by characteristics analysis that the TFM then becomes well-
posed for all void fractions of practical interest. The aforementioned ideas are then 
extended to CFD TFM. The travelling void wave problem is again used to demonstrate 
that by adding appropriate physics, the problem of ill-posedness is resolved. 
 
Furthermore, issues pertaining to the presence of the wall boundaries need to be 
addressed in a CFD TFM. A near-wall modeling technique is proposed which takes into 
account the turbulent boundary conditions and void fraction distribution in the vicinity of 
the wall. An important consequence of using the proposed technique is that the need of 
wall force model, which is questionable when applied to air-water turbulent bubbly flows, 
is eliminated.  Also the bubbly TFM near the wall becomes convergent.  
 
Finally, the well-posed CFD TFM developed in the present study is checked for grid 
convergence. Previous researchers have advocated the idea of fixing the minimum grid 
size based on bubble diameter. This has restricted a thorough verification exercise in the 
past. It is shown that the grid size criterion can be removed if the model is made well-
posed, which also makes sense because a continuum model should be independent of grid 
size. It is observed that the solution from the coarse grid simulations is a limit cycle 
whereas upon grid refinement, the solution becomes chaotic which is characteristic of 
xvii 
turbulent bubbly two-phase flows. Therefore the grid size restriction may have an 
unwanted consequence. FFT spectra and time averaged void fraction profiles are used to 
assess grid convergence since the solutions are chaotic. The energy spectra indicate the 









CHAPTER 1. INTRODUCTION 
1.1 Significance of Problem 
The research presented is focused on understanding the mathematical behavior of a CFD 
TFM applied to vertical bubbly two-phase flows. Dispersed bubbly flows are of great 
importance as they have desirable heat and mass transfer characteristics due to high 
interfacial area concentration. In water cooled nuclear reactors, the bubbles nucleate from 
the heated surface and migrate to the center thus providing an efficient channel for heat 
transfer. In addition, bubbly two phase flows are relevant for safety aspects of nuclear 
reactor operation. For example, in the passive cooling phase of a boiling water reactor 
(BWR), the steam is vented into the suppression pool to remove the decay heat, resulting 
in a two phase mixture flow. Also, it is important to understand the underlying physics of 
the bubbly flows in order to model transient events leading to the critical heat flux in fuel 
rod assemblies in reactors. Bubbly flows are also observed in a range of chemical 
processes such as oxidation, alkylation, and chlorination. Other applications of bubbly 
flows include stainless steel manufacturing, oil and gas industry and bioreactors. 
 
CFD application for two-phase flows involves solving the TFM system of equations 
derived from first principles as done by Ishii [2], and Vernier and Delhaye [3], and can be 
applied to flows ranging from horizontal stratified flows to vertical annular flows. It is 
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hence important to understand the dominant mechanisms pertaining to specific flow 
regimes. To make the TFM mathematically well-behaved, it is common to use an 
artificial viscosity or a coarse grid to solve any issues that arise from an incomplete TFM. 
Verification and validation exercises are a common practice in the field of numerical 
modeling. If the TFM is ill-posed, it will not be possible to verify the model. It starts 
showing non-physical behavior such as high frequency oscillations in the velocity and 
void fraction distributions as the mesh is refined. The current research is directed at a 
mechanistic approach to make the TFM well-posed. The important mechanisms 
pertaining to the case of two-phase bubbly flows are identified, and eventually a well-
posed TFM is proposed that could be verified and validated. 
 
1.2 Previous Work 
Application of the TFM to analyze two-phase bubbly flows has been studied extensively 
in the past by researchers. The well-posedness and stability of the TFM has always 
remained a topic of debate. Ramshaw and Trapp [4] were among the first to analyze the 
mathematical behavior of the TFM applied to stratified flows. It was recognized that by 
adding appropriate physics to the TFM, it can be made well-posed. Lyczkowski et al. [5] 
claimed that the TFM applied to bubbly flows is ill-posed as an initial value problem. It 
was finally concluded that the TFM can be made well-posed if sufficient numerical 
damping is added. Also, the eigenvalue analysis showed that the well-posedness was 
dependent on parameters like pressure and liquid velocity. In practice, the well-posedness 
of the TFM is determined by the eigenvalues associated with the material waves. They 
must be real for the TFM to be well-posed regardless of the operating conditions. At this 
3 
point when there were different forms of TFM being proposed, certain aspects were still 
being considered like, whether the void fraction should be included inside the pressure 
gradient term. Lyczkowski et al. [5] proposed that the TFM becomes well-posed by doing 
so. However, TFM derived rigorously from the first principles shows that the void 
fraction term appears outside the pressure gradient term. Pauchon and Banerjee [1] were 
the first to show the limit of TFM well-posedness in terms of non-dimensional 
characteristics. This makes the well-posedness criterion independent of the conditions 
like liquid velocity or pressure. Also, it was shown that the interfacial pressure force aids 
in making the model well-posed while the behavior of the virtual mass force does the 
opposite. This is in contradiction with the findings of Lyczkowski et al. [5] who 
postulated that the virtual mass term increases the domain of well-posedness. Pauchon 
and Banerjee [1] found that the interfacial pressure term proposed by Stuhmiller [6] 
makes the TFM well-posed up to 26 % void fraction. Haley et al. [7] performed a 
parametric study on the effect of interfacial pressure and the virtual mass coefficients on 
the eigenvalues. The results obtained were consistent with the findings of Pauchon and 
Banerjee [1]. Park et al. [8] derived a more complete TFM and performed a similar 
parametric study and concluded that the region of well-posedness can be changed by 
modifying these coefficients.  
 
To extend the limit of well-posedness of the TFM applied to vertical bubbly flows, it is 
shown here through the study of characteristics, that inter-bubble collisions need to be 
considered. In the field of multiphase flows with particles, there are several models for 
collision force. Ogawa et al. [9] were among the first to derive a constitutive relation for 
4 
momentum transfer due to collisions by using a simple binary collision model and 
statistical averaging of the particle stress tensor. Savage and Jeffrey [10] developed a 
mechanistic model for the particle collisions. The particles were assumed to have 
velocities following a Maxwellian distribution. The spatial pair distribution function of 
Carnahan and Starling [11] was used which was found to be in good agreement with the 
molecular dynamics calculations up to a void fraction of 0.5. Lun et al. [12] followed a 
similar procedure to that of Savage and Jeffrey [10] and extended their analysis to 
inelastic collisions. Lun and Savage [13] proposed a modified correlation for the pair 
distribution function and could be applied to the entire void fraction range observed for 
particle flows. It behaves identical to that of Carnahan and Starling [11] for void fractions 
up to 0.5. Beyond this limit, the correlation of Lun and Savage [13] follows the behavior 
of the distribution function proposed by Ogawa et al. [9] which shows good agreement 
with the molecular dynamics simulations for higher void fractions.  
The TFM developed by Boelle et al. [14] includes the collisional contribution from direct 
particle collisions and the turbulent motion of fluid and particles. The mechanism of 
collision was seen to manifest itself as first and second order terms in the TFM, and the 
model could be extended to inelastic collisions as well. The correlation proposed by Lun 
and Savage [13] was used for the pair distribution function. Also, the contribution from 
collisions was included in the governing equations for Reynolds stresses that provide 
closure for turbulence modeling. Alajbegovic et al. [15] proposed a model for collision 
force term derived by ensemble averaging the stress tensor using the pair correlation 
function of Carnahan and Starling [11]. The model was validated with experiments of 
Alajbegovic et al. [16] using ceramics, polystyrene and expanded polystyrene particles in 
5 
water covering a wide range of density ratios. Of particular interest is the case of 
expanded polystyrene particles, where, the specific gravity (0.032) and particle diameter 
(1.79 mm) are similar to the conditions of air-water two-phase flows. 
 
The present research deals with the application of the well-posed TFM for the CFD 
analysis of the bubble column experiments of Reddy Vanga [17]. There is a large body of 
work concerning CFD simulations of dispersed bubbly flows using the Eulerian TFM. 
One of the first numerical simulations on bubble columns was performed by Deen et al. 
[18]. The results obtained with the LES and k-ε models were compared with the 
experiments and it was concluded that the former shows better agreement. Lakehal et al. 
[19] developed filtered TFM equations which are similar to the TFM of Ishii [2].In 
addition, Lakehal et al. [19] proposed a filter size restriction that it should to be greater 
than the bubble diameter. Milelli [20] proposed a criterion for the cut off filter size and 
concluded that optimum results were obtained with a filter size to bubble diameter ratio 
of 1.5. Zhang et al. [21] performed a sensitivity analysis of the coefficients for the TFM 
closure relations including the sub-grid scale viscosity model of Smagorinsky [22], as 
well as drag, lift and virtual mass forces. Dhotre et al. [23] performed CFD simulations of 
a bubble column with LES using Smagorinsky [22] and dynamic Germano (1991) models. 
It is found, in general, that a model constant of 0.1 for the model of Smagorinsky [22] 
performs well in the case of two-phase bubbly flows. Niceno et al. [24] used a more 
elaborate Eulerian TFM approach with LES, where a one-equation sub-grid scale model 
for the kinetic energy is used. Recently, Ojima et al. [25] performed experiments and 
numerical analysis of flow in a bubble column. They concluded that if the vortical 
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structures are predominant over the shear induced and bubble induced components of 
turbulenc, the TFM gives reasonable predictions without the LES or RANS approach. 
 
An important aspect of 3D TFM simulations is the near-wall treatment. Usually, the 
boundary condition for the momentum equation is supplied through the standard 
logarithmic law of the wall. In the presence of the bubbles, Marie et al. [26] observed that 
the slope of the liquid velocity profile changes in the near-wall region. A mechanistic 
model was proposed by Marie et al. [26] for the modified logarithmic law of the wall. It 
was observed that the slope still remains constant, while the intercept changes based on 
void fraction. In terms of near-wall modeling of the void fraction, it still remains to be 
explained if conventional CFD TFM is the right approach. Larrateguy et al. [27], and 
Moraga et al. [28] followed a different approach by introducing the bubble center 
averaging methodology to separate the geometry of the bubbles from the force dynamics. 
It is demonstrated here that by using, a well-posed CFD TFM, with the appropriate near-
wall modeling, reasonable convergence can be obtained, and that CFD calculations can 
be performed with finer grid sizes (beyond the criterion set by Milelli [20]), which had 
not been done in the past. 
 
1.3 Thesis Outline 
In the second chapter, the complete 3-D TFM of Ishii [2] for adiabatic two-phase flows is 
described along with the constitutive relations. A brief account of 1-D TFM is given, 
leading to the formulation of the fixed-flux 2-equation TFM, and drift flux void 
propagation equation. In chapter 3, a detailed description of the eigenvalue analysis is 
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given. By adding the collision mechanism to the TFM, it is shown that the TFM becomes 
well-posed in the domain of practical interest. In chapter 4, the non-linear void wave 
propagation behavior of a stable kinematic wave is understood. Using a traveling void 
wave problem, the issue of well-posedness is discussed. The fixed-flux 2-equation TFM, 
and void propagation equation are solved numerically and it is shown that the results are 
similar for a kinematically stable wave. Chapter 5 includes with the analysis and results 
from CFD TFM calculations. As done in Chapter 4, the issue of ill-posedness is 
demonstrated with a travelling void wave problem, which is shown to be removed by 
adding appropriate physics. The near-wall modeling approach and its application to the 
steady state two-phase flow conditions is discussed. Finally, the transient CFD 
calculations of the bubble plume instability are analyzed, and it is shown with the FFT 
spectra that the well-posed CFD TFM converges. Additionally, in Appendix A, the exact 
analytical values of the characteristics are provided. In Appendix B, the collision force 
model used in the present study is derived. Appendix C provides a comparison between 
the acoustic roots predicted by the TFM with the experimental data. Further it is 
demonstrated that the material wave propagation speeds are not affected by introducing 
compressibility into the TFM. Finally, in Appendix D, the method of manufactured 
solutions is discussed in the context of fixed-flux 2-equation TFM and CFD TFM, and it 
is shown that the numerical schemes used in the present study are of higher order. 
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CHAPTER 2.  TWO-FLUID MODEL 
2.1 Governing equations 
TFM describes the set of governing equations considering the constituent phases 
separately each being characterized by an independent velocity field. Instead of analyzing 
the local instant mass, momentum or energy transfer at the interface, collective 
interactions are modeled in the TFM. Two-phase flows are observed to have quite a few 
flow instabilities which arise due to difference in density and/or relative velocity between 
the two phases. Since TFM allows each of the phases to have its own velocity field, it has 
the capability to model flow dynamics driven by the relative velocity between the phases. 
It is an important tool in analyzing transient phenomenon such as sudden mixing of 
phases or flow regime transition where the two phases are weakly coupled. In comparison, 
in the drift flux model introduced by Zuber and Findlay [29], the velocities of the 
constituent phases are related to each other by the drift flux expressions depending on the 
flow regime. Even though, the drift flux model is often considered reliable for flows that 
are strongly coupled, it is not sufficient to transient phenomena.  
 
In the current research, the adiabatic TFM applied to vertical bubbly two-phase flows is 
considered following the work of Ishii [2]. The focus is on the hydrodynamics of the 
9 
constituent phases, and hence the energy equation will be neglected. The set of continuity 









𝛼𝑘𝜌𝑘?̅?𝑘 + ∇. 𝛼𝑘𝜌𝑘?̅?𝑘?̅?𝑘
= −𝛼𝑘∇𝑝𝑘 + ∇. 𝛼𝑘(𝜏?̿? + 𝜏?̿?
𝑇) + 𝛼𝑘𝜌𝑘𝑔 + 𝑀𝑘𝑖
− (𝑝𝑘𝑖 − 𝑝𝑘)∇𝛼𝑘 + (𝜏?̿?𝑖 − 𝜏?̿?). ∇𝛼𝑘 + ?̅?𝑘𝑖г𝑘 
(2.2) 
where k = 1 for liquid and k = 2 for gas phase. 𝛼𝑘, 𝜌𝑘, ?̅?𝑘 are the void fraction, density 
and velocity field corresponding to phase k. In addition, the void fraction of the phases 





Since the research presented here is restricted to the case of adiabatic flows, the inter-
phase mass transfer rate, г𝑘 = 0. Also, the momentum transfer due to mass transfer can be 
neglected for the case of flows with no phase change. The term 𝑀𝑘𝑖 represents the 
averaged contribution from the net momentum transfer occurring at the interface between 
the two phases. It can be decomposed as shown below. 






𝐵  (2.4) 
The terms on the RHS from left to right represent contributions from the drag, lift, 
turbulent dispersion, wall, virtual mass and Basset forces respectively. For numerical 
calculations, Basset force is usually neglected, since it is tough to compute the term 
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which involves integral over time. The terms 𝜏𝑘𝑖 and 𝑝𝑘𝑖 represent the shear stress and 
the pressure at the interface respectively. 
 
2.2 Constitutive Relations 
2.2.1 Interphase momentum transfer 
An essential part of the TFM is to account for the interactions between the constituent 
phases. Since it is tough to physically account for the momentum transfer at each 
interface, the averaged contribution is considered after time averaging the local instant 
formulation (Ishii [2]). This couples the motion of the constituent phases, and determines 
the phase distribution. It is important to note that the terms in Eq. (2.4) represent the 
combined averaged effects of pressure and shear stress deviation from the mean value, 
and not the absolute effect of the two. This distinction is important so that the relative 
velocity or phase distribution is affected only by the flow dynamics and not by the 





This indicates the requirement that the forces acting at the interface form an action-
reaction pair for the constituent phases. 
 
2.2.1.1 Drag 
The momentum transfer due to drag force includes contributions from both the skin and 










The coefficient CD varies depending on the flow regime of the two-phase flows. For a 
single particle, CD  depends on the nature of the particle and the flow around it. For the 
case of a multi-particle system, the presence of neighboring particles also affects the drag 
coefficient. Following the work of Ishii and Chawla [30], the effect of surrounding 









































 𝑓(𝛼2) = (1 − 𝛼2)
1.5 (2.12) 
It can be seen from Eq. (2.11) that the drag coefficient increases with increasing particle 
concentrations. For the CFD calculations reported in the present research, CD given by Eq. 
(2.11) is used. 
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2.2.1.2 Lift 
The momentum transfer due to lift force accounts for the lateral displacement of the 
secondary phase due to the velocity gradients in the continuous phase. It is classified as a 
non-drag force, and is important especially when the flow field has significant velocity 
gradients, for instance, in the near-wall region of a channel or pipe. The general form of 
the momentum transfer due to lift force obtained by Auton [31], and Drew and Lahey [32] 
is given by, 
 𝑀2𝑖
𝐿 = −𝛼2𝜌1𝐶𝐿?̅?𝑟 × (∇ × ?̅?1) (2.13) 
It is determined by the combined effects of relative velocity and vorticity field in the 
continuous phase. A wide range of empirical correlations for lift coefficients have been 
used in the literature. These include the models proposed by Tomiyama et al [33], and 
Frank et al. [34]. It is observed from the experiments (Moursali et al. [35], Marie et al. 
[26]) that the smaller bubbles have a tendency to migrate towards the wall, while the 
larger ones move to the center, indicating that the lift coefficient may change sign beyond 
a critical bubble diameter. For the CFD calculations with LES approach in the present 
study, a constant value of 𝐶𝐿 = 0.25 is used as done by researchers in the past including 
Niceno et al. [24], Dhotre et al. [23], Deen et al. [18]. 
 
2.2.1.3 Turbulent dispersion 
In turbulent bubbly flows, the energetic liquid eddies play an important role in 
determining the void fraction distribution. The bubbles are dispersed by the eddies in the 
continuous phase from regions of higher concentration to regions of lower concentration. 
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This phenomenon is represented in terms of an averaged momentum exchange term. The 
turbulent dispersion force model developed by Lopez de Bertodano [36] is given by, 
 𝑀2𝑖
𝑇𝐷 = −𝐶𝑇𝐷𝜌1𝑘1∇𝛼2 (2.14) 
The momentum transfer due to turbulent dispersion is directly proportional to the 
turbulent kinetic energy which gives a measure of the velocity fluctuations in the 
continuous phase. A constant value of 𝐶𝑇𝐷=0.25 is used in the present study for steady 
state CFD TFM calculations. For CFD calculations with LES, the eddy interactions with 
the bubbles are resovled by using very fine grid, and hence a model for momentum 
transfer due to turbulent dispersion is not required. 
 
2.2.1.4 Wall 
The presence of wall results in the difference in the rate at which the liquid flows around 
the bubbles in the near-wall region. One side of the bubble experiences slower liquid 
flow along the surface due to the no slip condition at the wall. This results in the 
movement of the bubbles away from the wall. The model proposed by Antal et al. [37] is 












In addition, there exist models for wall force coefficient proposed by Tomiyama et al. [33] 
and Frank et al. [34] based on the model of Antal et al. [37]. The most common approach 
for the near-wall modeling in CFD is to use the wall force model given by Eq. (2.15) to 
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prevent non-physical void fractions in the near-wall region. The model of Antal et al. [37] 
was calibrated based on the experiments of Nakoryakov, where perfectly spherical 
bubbles having Db = 0.87 mm were generated and used for the experiments conducted at 
low Re. In effect, the conditions were laminar given the small bubble size and low liquid 
flow rates. The use of the same model for turbulent air-water bubbly flows is 
questionable, where the flow rates are higher and the bubble sizes are larger.  In the 
present research, a new near-wall modeling procedure is proposed as explained in 
Chapter 5. 
 
2.2.1.5 Virtual mass 
Consider a single particle moving in a continuous medium. The particle’s acceleration is 
not affected significantly if its density is of the order or greater than that of the 
continuous phase. However, if 𝜌2 ≪ 𝜌1, the particle’s acceleration is largely affected by 
the medium. The particle has to overcome the inertia of the fluid, and it has to displace 
the fluid ahead of it in order to continue its motion. This resistance offered by the 
continuous phase is termed as the virtual mass. Mathematically, it is represented by 
(Drew and Lahey [32]) as,  
 𝑀2𝑖














+ 𝑢𝑘 . ∇ (2.18) 
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For the case of potential flow around a sphere, CVM = 0.5 is used. For deformable bubbles, 
correlations of Lamb [38] can be used. For higher concentrations, Zuber [39] developed a 








Physically, the virtual mass force is significant for the case of vertical bubbly flows. 
When a bubble starts moving from rest under the action of buoyancy, it accelerates until 
it reaches the terminal velocity, and the rate at which the velocity of the particle increases 
is controlled by this transient term. In terms of the mathematical behavior of the TFM 
system of equations, the characteristic roots or eigenvalues corresponding to the material 
wave propagation is affected by the virtual mass term which consists of both the spatial 
and temporal derivatives. 
 
2.2.2 Interfacial pressure 
Another factor that influences the phase distribution is the difference in pressure between 
the interface and far-field. Following Bernoulli’s principle, for an inviscid flow past a 
sphere, the difference between the interfacial pressure and the continuous phase pressure 
is given by (Stuhmiller, [6]), 
 𝑝1𝑖 − 𝑝1 = −𝐶𝑝𝜌1|?̅?𝑟|
2 (2.20) 
where, Cp = 0.25 is used which is obtained by evaluating the area average of the pressure 
difference over the surface of a sphere. Pauchon and Banerjee [1] conclude that for 
dispersed flow regime, the pressure in the dispersed phase is almost equal to the pressure 
at the interface, and hence 𝑝2𝑖 ≈ 𝑝2. The interfacial pressure difference plays an 
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important role in regularizing the TFM applied to vertical bubbly flows. When this term 
is not considered, the model is unconditionally ill-posed. It is shown by Pauchon and 
Banerjee [1], Haley et al. [7], and Park et al. [8] that the TFM can be made well-posed by 
using the interfacial pressure term given by Eq. (2.20). The effect of adding interfacial 




As for the single phase flows, the turbulence in the continuous phase needs to be closed 
by using an appropriate model. The stress terms in the continuous phase appearing on the 
right hand side of Eq. (2.2) can be represented as, 
 𝜏1̿ + 𝜏1̿




𝜈1 − 𝜆1) ∇. ?̅?1𝐼) (2.21) 
where, 𝜈1, and 𝜆1 are the effective kinematic viscosity of the continuous phase and the 
bulk viscosity of the continuous phase respectively. For the two-phase bubbly flows, the 
closure for the Reynolds stresses in Eq. (2.2) is based on the approach of Lopez de 
Bertodano et al. [41]. This model assumes linear superposition of the shear induced and 
bubble induced (pseudo turbulence) turbulent stresses. The effective viscosity is given by, 
 𝜈1 = 𝜈1,𝐿 + 𝜈1,𝑆𝐼
𝑇 + 𝜈1,𝐵𝐼
𝑇  (2.22) 
where, 𝜈1,𝐿, 𝜈1,𝑆𝐼
𝑇 , and 𝜈1,𝐵𝐼
𝑇   represent the material viscosity of the liquid, shear induced 
component of the eddy viscosity, and the bubble induced component of the eddy 
viscosity respectively. The closure for the shear induced eddy viscosity is obtained from 
the turbulence theory on single phase flows. The options available are algebraic models, 
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one-equation models, or two-equation models. For the two-equation k-epsilon model of 







where, Cμ = 0.09. 
For a more detailed turbulence modeling, the Reynolds stress transport equations are 
used, where the individual stress components are solved using transport equations for 
each one of them. For LES approach used in the present study, the closure provided by 




where, Cs = 0.1. It accounts for the contributions from the turbulent eddies that are 
smaller than the grid size, and that are not resolved by the CFD approach. 
 
The relative motion of the dispersed phase in a continuous phase results in bubble 
induced turbulence or pseudo-turbulence. The bubble induced viscosity following the 
correlation of Sato and Sekoguchi [43] is given by, 
 𝜈1,𝐵𝐼
𝑇 = 𝐶𝑆𝑎𝑡𝑜𝛼2𝐷𝑏|?̅?𝑟| (2.25) 
where,|?̅?𝑟|and 𝐷𝑏 are the corresponding velocity and length scales to describe the motion 
of bubbles in liquid. The value of CSato recommended by Sato and Sekoguchi [43] is 0.6. 
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2.3 1-D Two-Fluid Model 
2.3.1 4-equation TFM 
The 3-D TFM is very elaborate and is used to describe the detailed interaction 
mechanisms of the constituent phases through the interfacial transfer terms occurring in 
the conservation equations. This makes 3-D TFM important in describing transient 
phenomenon such as flow-regime transition where the constituent phases may be weakly 
coupled. If the problem being analyzed has significantly dominant features in the flow 
direction alone compared to the transverse directions, a suitable alternative is to use 1-D 
TFM derived from the 3-D TFM based on area averaging. It reduces the complexity of 
developing a numerical code considerably. Also, the computational load for analysis is 
less compared to using a 3-D TFM numerical code.  
 
The 1-D TFM can be derived by area averaging the 3-D TFM described by Eqs. (2.1, 2.2). 
Consider a channel or a pipe having a cross-sectional area A. The area averaged value of 




∬ 𝜙 𝑑𝐴 (2.26) 





The resulting set of equations after area averaging Eqs. (2.1, 2.2) given by Ishii and 




























− 〈𝛼𝑘〉𝜌𝑘𝑔𝑥 + 〈𝑀𝑘〉 − 〈(𝑝𝑘𝑖 − 𝑝𝑘)
𝜕𝛼𝑘
𝜕𝑥




𝑑〉 represents the total interfacial shear force given by, 
 〈𝑀𝑘〉 = 〈𝑀𝑘𝑖 − ∇𝛼𝑘. 𝜏𝑖〉𝑧 (2.30) 
The term 𝑀𝑘𝑖 represents contributions from drag, and virtual mass forces. The lift force is 
not included since the equations are area averaged. From here on for simplicity, the 
operators, < >, << >> are dropped. The covariance term 𝐶𝑣𝑘  is given by Ishii and Hibiki 
[44] as, 
 𝐶𝑣𝑔 ≈ 1 + 0.5(𝐶0 − 1) (2.31) 
 
 𝐶𝑣𝑓 ≈ 1 + 1.5(𝐶0 − 1) (2.32) 





For the case of short wavelength instabilities studied here, it is assumed the void fraction 
and the liquid velocity distributions are uniform in the lateral directions. Hence, 𝐶0 = 1 is 
used and hence, 𝐶𝑣𝑓 , 𝐶𝑣𝑔 = 1 . In addition, if the incompressibility and isothermal flow 
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𝑇 ) − 𝛼1𝜌1𝑔𝑥 − 𝑀2𝑖
𝑉𝑀 − 𝑀2𝑖
𝐷















− 𝛼2𝜌2𝑔𝑥 + 𝑀2𝑖
𝑉𝑀 + 𝑀2𝑖
𝐷  (2.37) 
It must be noted that the area averaged momentum transfer due to drag force should be 
dependent on the averaged local slip velocity 〈𝑢𝑟〉, and not the difference between the 
area averaged mean velocities, ?̅?𝑟 = 〈〈𝑢2〉〉 − 〈〈𝑢1〉〉. ?̅?𝑟 includes contributions from local 
relative motion and the global profile effect of void fraction and velocities. Hence, using 
this value in general may lead to inaccurate results. To use 〈𝑢𝑟〉 in the drag force 




〈〈𝑢2〉〉 − 𝐶0〈〈𝑢1〉〉 (2.38) 
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However, in the present study, the focus is on analyzing short wavelength physics, and 
the profile effects are neglected and the value of 𝐶0 = 1 is used, resulting in 〈𝑢𝑟〉 ≈ ?̅?𝑟 
 
2.3.2 Fixed-flux 2-equation TFM 
The 4 Equation TFM for incompressible two-phase bubbly flows described by Eq. (2.34) 
– Eq. (2.37) forms the basis for deriving the fixed-flux 2-equation TFM. The following 
assumptions are made to obtain the final set of PDEs: 
 very low density ratio, 𝜌2 𝜌1⁄ ≪ 1 
 constant volumetric flux, 𝑗 = 𝐶 
While making these assumptions, the focus shifts to the short wavelength behavior of the 
TFM. In particular, it is suitable to analyze adiabatic air-water systems which satisfy the 
aforementioned assumptions. An important limitation of this model however is that the 
system or integral instabilities like the density wave oscillations cannot be analyzed. The 
steps used to obtain the 2 Equation TFM as shown in Lopez de Bertodano et al. [45] is 





(𝜌1𝛼1 + 𝜌2𝛼2) +
𝜕
𝜕𝑥
(𝜌1𝛼1𝑢1 + 𝜌2𝛼2𝑢2) = 0 (2.39) 
The second PDE is obtained from the difference in the momentum equations (Eqs. 2.36, 
2.37), after dividing them by the respective volume fractions, where the pressure gradient 










































where, 𝑟 = 𝜌2 𝜌1⁄  The constraints applied to these two equations are the void fraction 
and volumetric flux conditions given by, 
 𝛼1 + 𝛼2 = 1 (2.41) 
and, 
 𝛼1𝑢1 + 𝛼2𝑢2 = 𝑗 (2.42) 







𝜑 = 𝜍 (2.43) 
where, 
 𝜓 = [
𝜌1𝛼1 + 𝜌2𝛼2


















2 + 𝐶𝑝𝜌1(𝑢2 − 𝑢1)
2] (2.45) 
RHS of Eq. (2.43) represents the source terms given by, 
 𝜍 = [
0






𝐷 ] (2.46) 
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𝜙 = 𝐹 (2.47) 
where, 𝜙 = [𝛼1  𝑢1]
𝑇, and 𝐴 = 𝐼. The coefficient matrix B is obtained by simplification 
based on Taylor series expansion about the parameter r, for r << 1, which is the case for 
air-water flows. It is given by, 
 𝐵 ≅ [
𝑢1 𝛼1
(1 + 𝛼1)𝐶𝑝 − 𝐶𝑉𝑀
















































































 𝐵22 = 𝑢1 +
2𝛼1(𝐶𝑉𝑀 − 𝐶𝑝)
𝐶𝑉𝑀 + 𝛼1𝛼2
(𝑢2 − 𝑢1) (2.53) 
It can be seen that the resulting equations bear resemblance to the shallow water theory 
equations (Whitham [46]) but for the convective part of Eq. (2.51). The advantage of 
using such a model is that the computational load is reduced even further, and the 
implementation of algorithm to solve the governing equations becomes straightforward. 
It can be verified that the 2 equation TFM described above is similar to the model derived 
by Haley et al. [7]. 
 
2.3.3 Drift flux void propagation equation 
A further reduction of the 1D TFM can be made to obtain a one equation drift flux void 
propagation equation model as follows. The drift flux model of Zuber and Findlay [29] is 
given by, 
 〈𝑗2〉 = 〈𝛼2𝑗〉 + 〈𝛼2𝑉𝑔𝑗〉 (2.54) 
which can be rewritten as, 
 𝑢2 = 𝐶0𝑗 + 𝑉𝑔𝑗 (2.55) 
where, the operators have been dropped for simplicity. j follows the definition of Eq. 
(2.42). Inserting Eq. (2.55) in the gas phase continuity equation (Eq. 2.56), the drift flux 










= 0 (2.56) 
where the drift velocity (Ishii and Chawla [30]) is given by, 








Thus, the TFM is reduced to a single first order partial differential equation. The velocity 
of propagation of the kinematic void wave is given by, 




It can be seen that Ck is only dependent on α2. Eq. (2.56) is always stable, as it eliminates 
the local physical instabilities that arise due to the relative velocity between the two-
phases. However, the non-linear void wave propagation characteristics are retained as 
indicated by numerical calculations in the Section 4. When the material wave stability 
conditions are satisfied, the 1-D 4-equation TFM, the 2 equation TFM, and the drift flux 
void propagation equation are expected to give identical solutions.  
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CHAPTER 3. LINEAR STABILITY ANALYSIS 
3.1 Overview 
The TFM of Ishii [2] is very elaborate as it is applicable to all the two-phase flow 
regimes having different flow configurations. It is shown in Ishii and Hibiki [44] that the 
total number of unknowns involved in the rigorous TFM formulation of Ishii [2] can be 
as high as 33. To use the TFM for two-phase flow analysis, there is always a need to 
simplify the model so that it can be implemented into an algorithm. Usually, in this 
process, there is a tendency to neglect terms that may seem cumbersome depending on 
the flow regime of interest. If even one of the terms being dropped is of physical 
significance, then the TFM may be rendered ill-posed due to incompleteness. According 
to Hadamard’s classical definition, a system is defined as well-posed if, 
 there exists a solution 
 the solution is unique 
 the solution depends continuously on data and parameters 
It is important for the system to be well-posed, so that a physically meaningful solution is 
obtained. To regularize the TFM in the present study, it is important to understand the 
physics the two-phase vertical bubbly flows. Matuszkiewicz [47] performed experiments 
to understand the flow pattern transition from bubbly to slug, where the instabilities of 
the void fraction waves were studied. Park et al. [48] measured void wave propagation 
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speeds associated with dispersed and clustered bubbles in air-oil mixture to describe the 
flow regime transition. Cheng et al. [49] analysed the effect of parameters such as bubble 
diameter, superficial velocities on the instability of void fraction waves leading to 
changes in flow regime from bubbly to slug flow having intermediate stages such as 
bubble cluster and cap bubbly flows. Hence, we may expect the TFM applied to bubbly 
flows to be hyperbolic in nature in order to represent the wave like behaviour observed in 
reality. 
 
Before the TFM is applied to analyse two-phase flows, it is important to check if the 
system of equations is indeed hyperbolic. If the eigenvalues associated with the material 
waves are real, the system is considered hyperbolic and thus well-posed as an initial 
value problem as discussed by Pauchon and Banerjee [1], Haley et al. [7], and Park et al. 
[8]. If the material waves have complex eigenvalues, then the system becomes elliptic, 
and hence ill-posed. Mathematically it would imply that the current state depends on 
future state which makes no physical sense. In determining the well-posedness of the 
system, the acoustic roots are not considered, since they are always real. This is one of 
the major reasons for using incompressible TFM to perform linear stability analysis. It 
will be shown in Appendix C that the material wave characteristics remain unchanged 
with the incompressibility assumption. 
 
One of the methods to resolve TFM ill-posedness is to add excess viscosity, which 
regularizes the TFM artificially. Another common approach is to use a coarse grid or first 
order numerics or a combination of both to achieve numerical regularization. The 
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additional damping provided by discretization or numerical schemes removes high 
frequency oscillations that may arise in the solution due to ill-posedness, and makes the 
model appear well-behaved. An important consequence of such techniques is that the 
physical flow instabilities are also damped. Owing to the density difference and relative 
velocity between the constituent phases, two-phase flows are associated with a variety of 
flow dynamics such as Kelvin-Helmholtz, Rayleigh-Taylor, jet and plume instabilities. A 
physically correct TFM should be capable of modelling these instabilities, and at the 
same time be well-posed. The over-stabilization achieved by numerical or artificial 
regularization will result in physically incorrect solutions. The objective here is to 
achieve regularization by adding terms that are motivated by the physics of the problem. 
As a result, the TFM may be made well-posed, and it may also be capable of predicting 
the flow instabilities. 
 
3.2 Characteristics Analysis 
The analysis of eigenvalues of a system of equations give an understanding of the 
mathematical behaviour. As mentioned before, depending on the nature of the 
characteristic roots, the TFM system can be classified as either well-posed or ill-posed. 
For the case of TFM for vertical bubbly flows, Pauchon and Banerjee [1] were the first to 
apply this idea in the context of TFM for vertical bubbly flows. They showed the 
importance of considering interfacial pressure term and virtual mass terms to determine 
the region of well-posedness. Haley et al. [7] performed a more detailed analysis by 
including the effect of bubble induced turbulence in the TFM, and obtained results 
similar to that of Pauchon and Banerjee [1]. Park et al. [8] obtained results similar to 
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Pauchon and Banerjee [1] as well, and were able to show that depending on the 
coefficient values (virtual mass, and interfacial pressure) used in the TFM, the region of 
well-posedness can be changed. To perform linear stability analysis on TFM, the system 










𝜙 + 𝐹 = 0 (3.1) 
where, 𝜙 = [𝛼2  𝑢2 𝑢1 𝑝 ]
𝑇. The matrices A, B, D, and F are given in Appendix A. As 
shown by Pauchon and Banerjee [1], the nature of evolution of the solution from an 
initial condition can be understood by solving, 
 Det(𝐴𝜆 − 𝐵) = 0 (3.2) 
This results in 4 eigenvalues, 2 of which correspond to acoustic waves and the remaining 
2 correspond to the material waves whose exact mathematical forms are given in 
Appendix A. The acoustic wave speeds are always real. It is the material wave speeds 
which determine the well-posedness of the TFM under consideration. Pauchon and 





so that the dimensionless eigenvalue depends only on 𝛼2. In addition, it is shown by 
Pauchon and Banerjee [1] that it is along 𝜆∗ given by Eq. (3.3) that the quantity conserved 
can be closely approximated to 𝛼2. Hence 𝜆
∗ is used to represent the TFM characteristic 











u1 0 m/s 
u2 0.2 m/s 
ν1 10
-6 m2/s 
ν2 1.56 x 10
-5 m2/s 
 
As seen in Fig. 3.1, the TFM for vertical bubbly flows with the interfacial pressure and 
the virtual mass terms where, 𝐶𝑝 = 0.25, 𝐶𝑉𝑀 = 0.5 is well-posed up to a void fraction 
limit of 26 %. This result is in accordance with the work of Pauchon and Banerjee [1], 
Haley et al. [7], and Park et al. [8]. The conclusion made by the some of the previous 
researchers was that the transformation of eigenvalues from being real to imaginary may 
be attributed to flow regime transition. This is questionable since the effect of flow 
regime transition may be expected at longer wavelengths. Characteristics analysis 
pertains to the study of short wavelength physics in the limit of 𝜆𝑘 → 0, where the system 
is always expected to have real eigenvalues. Also, physically, it is possible to have two-
phase flows with 𝛼2 > 0.26, where the TFM should ideally be hyperbolic. Even for the 
low superficial gas velocities, it can be seen that, the local void fraction is higher locally 
near the entrance region where the gas is injected. It is important that the TFM be made 
well-posed for such cases. 
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3.3 Collision mechanism 
To overcome the issue of conditional well-posedness, the mechanism of collision is 
considered. It has been observed experimentally (like Zaruba et al. [50]), that at regions 
of higher void fractions, the bubbles have a greater tendency to collide, being closely 
packed. It is hence important to consider this phenomenon to make the TFM more 
complete. In the field of fluid-particle flows, there exist several models to account for this 
effect. Chapman and Cowling [51] were among the first to derive an expression for the 
collision force starting from Boltzmann transport equations. The collision integral that 
appears on the right hand side is evaluated using a small deviation from the equilibrium 
velocity distribution function. An important parameter to be considered in case of inter-
particle collisions is the pair distribution function 𝑔(𝛼2). Physically, it accounts for the 
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increase in collision frequency at higher concentrations. Ogawa et al. [9] considered shear 
driven granular flows. A distribution function was proposed conceptually based on 
packing fraction limit 𝛼𝑝 as, 






Lun and Savage [13] found this to be appropriate for flows with void fractions close to 
the fully packed state through molecular dynamics calculations. . Another commonly 






Lun and Savage [13] concluded that this expression was in good agreement with the 
molecular dynamics calculations for flows up to 𝛼2 = 0.5. Lun and Savage [13] also 
proposed an empirical correlation that may be appropriate for the entire range of void 
fraction (upto the packing limit) given by, 






In the present research, the collision force model of Alajbegovic et al. [15] is used which 
has been validated for vertical two-phase flows having density ratio and particle size 
similar to that of air-water flows. The expression is given by, 
 𝑀𝑐𝑜𝑙𝑙 = −∇. [(𝜌2 + 𝜌1𝐶𝑉𝑀)𝑔(𝛼2)𝛼2
2(2𝑢2
′ 𝑢2
′̅̅ ̅̅ ̅̅ + 𝑢2
′ . 𝑢2
′̅̅ ̅̅ ̅̅ ̅𝐼)] (3.7) 
The pair distribution function of Carnahan and Starling [11] given by Eq. (3.5) is used in 
Eq. (3.7). The variation of 𝑔(𝛼2) as a function of 𝛼2 is shown in Fig. 3.2. It can be seen 
that, as the concentration increases, the pair distribution function starts becoming more 
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Figure 3.2: Variation of g(α2) 
and more dominant, and its effect cannot be neglected in regions of higher 𝛼2. It is 
important to note that the contribution from the inter-bubble collisions is to be considered 
only in the momentum equation for the gas phase, and not as an action-reaction force pair 












The collision force model given by Eq. (3.7) is adapted for the present study. The particle 
stress tensor is assumed to be istotropic. For the case of 1-D analysis, as shown in 























When Eq. (3.8) is used in the characteristics analysis, it can be seen (Fig. 3.3) that the 
TFM is made well-posed even beyond 𝛼2 = 0.26 , which was the limiting void fraction 
as found by Pauchon and Banerjee [1]. This is a significant improvement over the 
existing TFMs. Having made the TFM unconditionally well-posed, the analysis of bubbly 
flows can be extended to understand the dynamics of phenomenon such as clustering or 
flow regime transition that usually occur at higher gas phase concentrations.  
 
Fig. 3.4 shows the comparison of non-dimensional eigenvalues with the data of Kytoma 
and Brennen [52]. The faster of the two characteristics is alone compared, since it is 
associated with the only material wave that is observed in the experiments. It will be 
shown by dispersion analysis that the slower characteristic root is associated with 
significant physical damping, because of which one may not see this in reality. It can be 
seen in Fig. 3.4 that by using a suitable coefficient, 𝐶𝑐𝑜𝑙𝑙, the predictions are in good 
agreement with the data of Kytomaa and Brennen [52]. The effect of compressibility on 


















































3.4 Dispersion analysis 
The eigenvalue analysis gives information about the behaviour of a system of equations 
in the limit of 𝜆𝑘 → 0. To understand the behavior of all the different wavelengths, 
perturbation analysis is used, which is also referred to as the dispersion analysis. For the 
case of horizontal stratified two-phase flows, Ramshaw and Trapp [4] and Pokharna et al. 
[53] have used this method to study the well-posedness and instability of the TFM. In the 
present study, it is used to discuss the well-posedness of the TFM applied to vertical 
bubbly flows. The dispersion relation is obtained as follows. Each independent variable 
of  𝜙 is perturbed about an initial reference state as, 
 𝜙 = 𝜙0 + 𝛿𝜙 (3.9) 
When Eq. (2.34) – Eq. (2.37) are linearized using Eq. (3.9), the perturbed system of 













𝛿𝜙 = 0 (3.10) 
An assumption is made that the reference state is steady with respect to the perturbations. 
It can also be viewed as follows: the time and length scales associated with the 
perturbations are much smaller than those characterizing the reference state (Pokharna et 
al. [53]). The perturbation is assumed to take the form of a travelling wave given by, 
 𝛿𝜙 = 𝛿𝜙0𝑒
𝑖(𝑘𝑥−𝜔𝑡) (3.11) 
Using Eq. (3.11), Eq. (3.10) reduces to, 
 [−𝑖𝜔𝐴 + 𝑖𝑘𝐵 + (𝑖𝑘)2𝐷 +
𝜕𝐹
𝜕𝜙
] 𝛿𝜙 = 0 (3.12) 
For a non-trivial solution 𝛿𝜙 to exist, the following relationship must be satisfied, 
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 det [𝜔𝐴 − 𝑘𝐵 − 𝑖𝑘2𝐷 +
𝜕𝐹
𝜕𝜙
] 𝛿𝜙 = 0 (3.13) 
The solution to Eq. (3.13) gives the dispersion relation. For the parameters listed in Table 
(3.1), when 𝐶𝑝 = 0, 𝐶𝑉𝑀 = 0, it can be seen that the imaginary part of the angular 
frequency 𝜔, is positive for 𝛼2 = 0.1. Further, as 𝜆𝑘 → 0, 𝜔 → ∞. This is an indicator 
that the TFM is ill-posed and it is shown in Fig. 3.5. When viscous stresses are added to 
the TFM for both the phases, it can be seen that the wave growth becomes bounded as 
𝜆𝑘 → 0. This is an improvement over the basic model, however it is not sufficient. 
Though the model is well-posed, it is highly unstable at very low 𝜆𝑘. Finally, when the 
appropriate physics are added to the TFM, the growth is bounded as 𝜆𝑘 → 0 having a 
negligible growth rate comparatively. This indicates a physically acceptable well-posed 
behavior which is the case for 𝛼2 = 0.1 as seen in the experiments, where one may 
observe dispersed bubbly flows. Fig 3.6 shows the dispersion relation for both the 
material waves. It is evident that the growth rate associated with the slower characteristic 
root is considerably less (highly negative). This may be the reason why only one of the 
two waves are observed in the experiments which is not as highly damped as the other 
one.  
Finally, the effect of adding collision mechanism is considered at 𝛼2 = 0.3. It can be seen 
in Fig. 3.7 that when the interfacial pressure and virtual mass terms alone are included in 
the analysis, an ill-posed behavior is observed. When the momentum transfer due to 
collision is added to the TFM, the growth rate is bounded as shown. It may be possible in 
future to study transient phenomenon such as flow regime transition, or wave instability, 
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Figure 3.5: Dispersion relations for ill-posed and well-posed TFMs 
(α2=0.1) 








































































CHAPTER 4. 1-D NUMERICAL SIMULATION 
4.1 Overview 
In order to solve the 4 equation 1-D TFM, the numerical procedure is elaborate, and 
includes additional complexities such as the pressure-velocity coupling. It is 
demonstrated by Haley et al. [7] and Lopez de Bertodano et al. [45] that the mathematical 
behavior of the 2 equation TFM is identical to that of the 4 equation TFM in terms of 
stability and characteristics. Thus, using the fixed-flux 2-equation TFM is deemed 
appropriate for the current analysis, where the focus is on regularizing the TFM by 
adding the missing short wavelength physics. As may notice, the 2 equation model is 
easier and straightforward to implement in to a numerical algorithm. 
 
The numerical method used to solve the 2-equation TFM set of equations is based on 
finite differencing. The structure of the numerical scheme is similar to the one used by 
Fullmer et al. [54]. A staggered grid approach is used, where, 𝛼1 values are stored at the 
cell centers and 𝑢1 values are stored at the junctions as indicated in Fig. 4.1. Eq. (2.50) 




= 𝐹 (𝜙) (4.1) 
where, 𝜙 = [𝛼1  𝑢1]
𝑇
 . An explicit time marching scheme is used where. The functions 
𝐹 (𝜙) are assumed to be known at each time step as follows
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Figure 4.1: Staggered grid arrangement 
 𝐹(𝛼1,𝑐) = −
1
Δ𝑥
((?̂?1𝑢1)𝑗 − (?̂?1𝑢1)𝑗−1) (4.2) 
 
 𝐹(𝑢1,𝑗) = −
1
Δ𝑥
(𝐵21,𝑗(𝛼1,𝑐 − 𝛼1,𝑐−1) + 𝐵22,𝑗(?̂?1,𝑐 − ?̂?1,𝑐−1)) + 𝑆𝑢,𝑗 (4.3) 
The variables with a hat do not exist at the specified locations and need to be donored 
using an appropriate numerical scheme. For the case of drift flux void wave propagation 
equation given by Eq. (2.56), the term 𝐹 (𝜙) is given as, 
 𝐹(𝛼2,𝑐) = −
1
Δ𝑥
(𝐶𝑘,𝑐(?̂?2,𝑗 − ?̂?2,𝑗−1)) (4.4) 
The PDEs of fixed-flux 2-equation TFM and drift flux void wave propagation equation 
are treated as ODEs at each time step and advanced in time. For the calculations shown 
here, periodic boundary conditions are employed with ghost cells at the beginning and the 









The first order approximation for donoring is commonly referred to as the first order 
upwind scheme (FOU). For the stencil shown in Fig. 4.1, it is given by, 
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 𝛼1,𝑗 = {
𝛼1,𝑐−1,     𝐶𝑘,𝑗 > 0 
𝛼1,𝑐,        𝐶𝑘,𝑗 < 0
 (4.5) 
Based on the direction of propagation of information, the value of the variables to the 
right or left is chosen to be donored to the locations where they are not available. It is 
important to note that drift flux void wave propagation velocity, 𝐶𝑘 is chosen to 
determine the direction of the values being donored, so that the scheme has the right 
physical basis as opposed to using the liquid velocity, 𝑢1. At very low volumetric fluxes, 
the void wave propagates opposite to the direction of the liquid flow as determined by the 
balance between the buoyancy and drag forces. Hence, 𝑢1 cannot be used to represent the 
direction of propagation of information in such cases. The liquid velocity 𝑢1 is donored 
in the same way as void fraction 𝛼1 
 
The leading order truncation error for FOU is given by O(Δx), which would be a 
coefficient of the second derivative when expanded using Taylor series. This would 
imply that even if a physical model for diffusion is not provided, the inherent numerical 
diffusion will smear sharp gradients. The focus of the current study is to minimize the 
effect of numerical damping to the maximum extent which is made possible by using 
higher order schemes that are more accurate. If one considers, the standard second order 
upwind or central difference schemes, they are prone to spurious numerical oscillations. 
The flux limiter approach of Waterson and Deconinck [55] is used in the present research 
as the method offers both higher order accuracy and numerical stability. Void fraction at 
junction j is given by, 

















and the derivative ratio is given by, 










⁄  (4.8) 





𝜓(𝑑) represents the flux limiter function. The liquid velocity 𝑢1 is donored to the cell 
centers in a similar manner. The general piecewise limiter scheme of Waterson and 
Deconinck [55] is used here whose general form is given by, 






, 𝑚]] (4.10) 
It can be noticed that if 𝜓(𝑑) = 0 reduces Eq. (4.7) to the first order upwind scheme, 
while 𝜓(𝑑) = 1 makes it second order central difference scheme. Depending on the 
choice of a, k, and m, specific flux limiter scheme can be used. a = -1, k = -1, m = 1 gives 
the minmod scheme developed by Roe [56] which used extensively. The minmod 
approach is classified as total variation diminishing (TVD) scheme, and is considered to 
have the least order of accuracy compared to the other flux limiter schemes. The 
monotonic upstream-centered scheme for conservation laws (MUSCL scheme) of van 
Leer [57] is obtained by setting a = 0, k = 0, m = 2. It is also considered TVD, and it is 
shown by Waterson and Deconinck [55] to have the maximum order of accuracy 
(O(2.22)) of all piecewise limiter schemes when the solution is smooth. Similarly, a = 0, 
k = 1/2, m = 4 results in the sharp and monotonic algorithm for realistic transport 
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(SMART) scheme of Gaskell and Lau [58]. It is known to perform better for hyperbolic 
equations capable of producing shock like structures, which is the case of TFM. Hence 
SMART scheme is used in the present study, which is proven to have O(2.11) for smooth 
solutions by Waterson and Deconinck [55]. 
 
To advance the variables 𝛼1, and 𝑢1 in time, a Runge-Kutta method is chosen. The most 
commonly used scheme is the standard fourth order Runge-Kutta method. In the current 
study, the third order three stage Runge-Kutta method of Gottlieb and Shu [59] is used, 
given by, 
 




















∆𝑡 𝐹 (𝜙(2)) 
 
(4.11) 
It is proven to have the property of a strong stability preserving (SSP) scheme, which is 
equivalent to TVD schemes for spatial discretizations commonly used to increase 
numerical stability. The combination of SMART scheme along with 3 stage 3rd order SSP 
Runge Kutta method is used, which is shown in Appendix D to have a higher order 
accuracy by using the method of manufactured solutions.  
 
4.3 Results 
4.3.1 Drift flux void propagation equation 
The drift flux void wave propagation equation is the simplest possible way to describe the 
non-linear evolution of a kinematic void wave. As mentioned earlier, one need not worry 
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about the well-posedness of the equation since the short wavelength physics have been 
removed by introducing the drift flux correlation. Also, it does not allow for any wave 
growth thus making the model unconditionally stable. Given the simplicity of the 1 
equation model, it is a very useful tool for validation purposes. If it is known apriori that 
the void wave propagation is supposed to be stable, the drift flux void propagation 
equation gives an accurate prediction for the non-linear evolution of the void wave. Eq. 
(2.56) is discretized using the combination of SMART scheme of Gaskell and Lau [58] 
and 3rd order SSP Runge Kutta method of Gottlieb and Shu [59]. The grid sizes used for 
the numerical calculations are 2 mm, 1 mm, and 0.5 mm. The time step size is chosen 
such that ∆𝑡 ∆𝑥⁄ = 0.2, and the calculations are run up to 4 s. The initial condition chosen 
(Fig. 4.2) is a Gaussian wave centered at 𝑥 = 0.1 m having a width of 0.1 m, in a 1 m 
long domain for the different grid sizes. 
 
Fig. 4.3 shows the evolution of void wave described by Eq. (2.56). It can be seen that the 
steepening occurs at the rear, accompanied by an expansion wave at the front, which is 
opposite to what we may observe with Burgers equation. This can be explained as 
follows. The components of the wave which have higher void fraction, experience a 
greater drag based on the drift velocity correlation of Ishii and Hibiki [44] being used for 
bubbly flows. As a result, the faster and the slower moving components converge at the 
rear resulting in the formation of a shock. In the case of Burgers equation, the higher 
valued components of the wave move at a faster rate resulting in the formation of shock 
at the front. 
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Figure 4.2: Initial condition 






















4.3.2 Fixed-flux 2-equation TFM 
Having known that, the numerical scheme employed is higher order accurate, the well-
posedness of the 2 equation TFM is tested using a traveling void wave problem. The 
initial condition is a Gaussian wave superimposed with a high frequency sine wave to 
represent the void fraction as shown in Fig. 4.4. A uniform value of 𝑢1 = −0.01 m/s is 
chosen as the initial condition for liquid velocity. The grid sizes used are 2 mm, 1 mm 
and 0.5 mm corresponding to N = 500, 1000, and 2000 respectively. The time step size is 
chosen such that ∆𝑡 ∆𝑥⁄ = 0.2, and the calculations are run up to 4 s. Eqs. (2.50) and 
(2.51) are solved first for the case of an ill-posed formulation, i.e., 𝐶𝑝 = 0, 𝐶𝑉𝑀 = 0, 
and 𝐶𝑐𝑜𝑙𝑙 = 0. The top, middle and bottom sets of plots in Fig. 4.5 are obtained with ∆𝑥 = 
2 mm, 1 mm, and 0.5 mm respectively. It can be seen that the coarse mesh solution 
appears well-behaved while the fine mesh solutions shows high frequency oscillations in 
the void fraction distribution when the ill-posed TFM is used. The 2 mm grid has 
sufficient numerical damping that the oscillations do not occur in the void fraction 
distribution. When the 1 mm grid is used, the numerical diffusion is reduced. This results 
in the growth of high frequency components as predicted by the dispersion analysis for 
the case of ill-posed TFM formulation (Fig. 3.5). When the mesh is refined further to 
∆𝑥 = 0.5 𝑚𝑚, the high frequency components become more predominant. 
 
As discussed in Section 3, the TFM is made well-posed by including the interfacial 
pressure and collision force terms. It can be seen (Fig. 4.5) that the solutions are free 
from high frequency oscillations. Hence, it is shown that by adding appropriate short 
wavelength physics to the TFM formulation, the non-physical high frequency solutions 
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Figure 4.4: Initial condition for 2-equation TFM 
can be avoided. Further, it can be observed that the converged results obtained with the 
fixed-flux 2-equation TFM (Fig. 4.6) are identical to the results from drift flux void 
propagation equation (Fig. 4.3) for the case of a stable wave. The drag coefficient 
correlation of Ishii and Chawla [30] determines the velocity of propagation of the void 
wave for the 2 equation model and it seen to be consistent with the drift flux correlation 



































































CHAPTER 5. CFD TFM ANALYSIS 
5.1 Overview 
There are two common approaches used in CFD to perform numerical analysis of 
dispersed two-phase flows viz. Eulerian-Lagrangian and Eulerian-Eulerian. In the 
Eulerian-Lagrangian formulation, the discrete particles of the dispersed phase are treated 
individually and not modelled as a continuum. The motion of the bubbles is resolved by 
using a force balance for each of them, while the calculations for the continuous phase 
variables are done based on continuum assumption. Crowe et al. [60] were one of the first 
to work on the Eulerian-Lagrangian formulation for dispersed two-phase flows. Shuen et 
al. [61] performed numerical simulations to analyze the behavior of particles in a 
turbulent round jet. Mostafa and Mongia [62] studied in detail the interaction of turbulent 
eddies with particles. This was later followed by the works of Trapp and Mortensen [63], 
Chang and Wu [64], Sommerfeld [65], Vreman [66], and Mando et al. [67]. The 
implementation of Lagrangian approach is simpler, as the governing equations are 
straightforward. However, even with the developments in computing resources, it is 
computationally intensive to perform calculations with the Eulerian-Lagrangian approach 
for a large group of bubbles. 
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Eulerian-Eulerian modeling approach started gaining popularity with the introduction of 
TFM by Ishii [2], and Vernier and Delhaye [3]. The methodology is computationally 
efficient, as it treats the dispersed phase to behave as a continuum field as well. However, 
complications arise in modelling the terms in the governing equations of  theTFM due to 
the presence of sharp interfaces. The averaging procedure used to arrive at the governing 
equations introduces several terms. The TFM is very extensive as it is applicable to all 
the two-phase flow regimes, and it is difficult to implement all the terms into a numerical 
algorithm. While developing a code to solve the TFM system of equations, one may tend 
to neglect complicated terms that are in the original formulation. This may result in the 
model being rendered ill-posed because of incompleteness, and hence proper care needs 
to be taken while implementing the TFM for CFD calculations. As shown in Chapter 4, 
by including appropriate physics, the TFM can be made properly posed as an initial value 
problem. 
 
An additional complexity arises for the case of 3-D CFD TFM whereby the wall 
boundaries have to be considered as well. The universal logarithmic law of the wall is 
used to specify the liquid velocity at the wall adjacent node when a no slip wall BC is 
used. For the case of two-phase flows, due to the presence of the bubbles, the slope of the 
liquid velocity in the near-wall region is different from that of single phase flows as 
noticed by Moursali et al. [35], and Marie et al. [26]. Hence, appropriate wall BC needs 
to be prescribed to account for the bubbles in the near-wall region for two-phase flows.  
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Also, it has been shown by Larrateguy et al. [27], and Moraga et al. [28] that the force 
dynamics can be separated from the geometry of the bubbles in the near-wall region.for 
adiabatic flows. A different approach was followed by Larrateguy et al. [27], and Moraga 
et al. [28] to perform CFD TFM calculations for wall-bounded flows. Bubble center 
indicator function was used to average the governing equations for dispersed phase, and 
the primitive variables were recovered by an additional post-processing step which was 
purely based on geometry. In the present study, a near-wall modeling approach is 
proposed based on the ideas of Larrateguy et al. [27], and Moraga et al. [28] to develop a 
well-posed convergent Eulerian TFM with the appropriate near-wall treatment. 
 
Steady state CFD calculations are performed to validate the proposed near-wall modeling 
approach with the intention of isolating the problem of near-wall modeling from the two-
phase flow dynamics. For the liquid velocity, logarithmic law of the wall developed 




𝑙𝑛(𝑦+) + 𝐶 (5.1) 








where, 𝑢∗ is the friction velocity given by, 




For the gas phase, free slip wall boundary conditions are used, whereby, the velocity 
gradient at the boundary is set to 0. 
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In addition to Eq. (2.1), Eq. (2.2), the transport equations for turbulence kinetic energy, 
𝑘1 and turbulence eddy dissipation, 1 are solved for the continuous phase as modeled by 




𝜌1𝑘1 + 𝛻. 𝜌1?̅?1𝑘1 = ∇. [𝜌1 (𝜈 +
𝜈𝑡
𝜎𝑘





𝜌1 1 + 𝛻. 𝜌1?̅?1 1 = ∇. [𝜌1 (𝜈 +
𝜈𝑡
𝜎𝜀
) ∇ 1] +
1
𝑘1
(𝐶𝜀1𝑃𝑘 − 𝐶𝜀2𝜌1 1) (5.5) 
where, 𝜎𝑘 = 1.0, 𝜎𝜀 = 1.3, 𝐶1𝜀 = 1.44, 𝐶2𝜀 = 1.92. Turbulence wall functions are used to 
specify the values at the wall for turbulence kinetic energy and turbulence eddy 
dissipation 𝑘1 and 1. An assumption of equilibrium in turbulence kinetic energy 









The results shown in this section are performed with steady state CFD analysis using the 
software ANSYS CFX 15.0. The high resolution scheme [68] is chosen for spatial 
discretization. In terms of the 1-D stencil shown in Fig. 4.1, the scheme can be 
represented as 
 ?̂?1,𝑗 = 𝛼1,𝑐−1 + 𝛽Δ𝑥
𝜕𝛼1
𝜕𝑥
̅̅ ̅̅ ̅̅̅ ̅̅ ̅
 (5.7) 





the average gradient form the adjacent cells 
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5.2 Preliminary analysis 
5.2.1 Experiment and problem set up 
Marie et al. [26] performed experiments with air-water bubbly flows over a flat plate at 
atmospheric conditions. The objective was to understand the boundary layer development 
for the case of two-phase flows. The range of inlet void fraction is chosen to vary from 0 % 
to 5 % in the free stream. The experiments were conducted for two different liquid 
superficial velocities, 0.75 m/s and 1 m/s. Optical probe and Laser Doppler Anemometer 
(LDA) were used to measure void fraction and liquid velocity distributions respectively. 
The data were obtained at a location of 1 m downstream from the beginning of the flat 
plate.  
 
The computational domain chosen is 1.5 m high and 0.05 m wide. The coarse mesh used 
for CFD calculations consists of 150 nodes in the axial (x) and 50 in the transverse 
direction (y). Only one element is chosen in the third dimension (z) which is 3.5 mm deep. 
CFD siulations with the refined mesh are performed by doubling the number of nodes in 
the x and y directions. No-slip wall boundary conditions are used for the liquid phase for 
the right and the left walls. Symmetry conditions are applied to the front and the back 
walls, since the focus here is to capture the right velocity and the void fraction profiles in 
the y direction. The liquid and gas velocities at the inlet are set to 1 m/s, and the inlet 
void fraction is 1.5 %. The model coefficients used are summarized in Table 5.1. 
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Table 5.1: Parameters for CFD calculations without near-wall modeling 
Parameter Model Coefficient value 
Drag Ishii and Zuber [30] Eq. (2.10) 
Lift Auton [31] 0.1 
Wall Antal et al. [37] Cw1=-0.01, Cw2= 0.05 
Turbulent dispersion Lopez de Bertodano (1993) 0.25 
 
5.2.2 Results 
When the default steady state CFD TFM is used, a good agreement with the void fraction 
profile is obtained with the coarse mesh (Fig. 5.1). The void peak is located at a distance 
of Rb from the wall, and the width of the peak is approximately Db, which is in agreement 
with the data of Marie et al. [26]. However, the liquid velocity does not have the right 
slope in the near-wall region as seen in Fig. 5.2. In the experiments of Marie et al. [26], it 
was concluded that the presence of bubbles in the near-wall region results in an increase 
in the slope of the velocity profile due to the effect of buoyancy. This calls for an 
accurate treatment of the wall boundary conditions for the liquid momentum equation, 
since currently, the standard logarithmic law of the wall formulated for the single phase 
flows is used. 
 
Further, Fig. 5.3 shows that the void fraction prediction obtained with the refined mesh 
does not seem to converge. The value and the location of the peak in the void fraction 
profile is shifted when the mesh is refined. This suggests that the wall force model (Antal 
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Figure 5.1: Void fraction predictions with default CFD TFM 
et al. [37]) developed based on laminar flow experiments with sub-millimetric bubbles 
may not be the right approach to treat the bubble layer for turbulent bubbly flows. It is 
evident that the near-wall treatment of the CFD TFM needs consideration in order to 
perform the exercises of verification and validation. The technique adopted must be 
consistent with the modified logarithmic law of the wall proposed by Marie et al. [26] to 
account for the presence of bubbles. 
 
5.3 Modified logarithmic law of the wall 
The wall bounded vertical two-phase bubbly flows are characterized by the presence of 
bubbles in the vicinity of the wall. The lift force that acts on the dispersed phase tends to 
push them in the direction of the velocity gradient present in the continuous phase, i.e., 












Figure 5.2: Liqiuid velocity predictions with default CFD TFM 
























al. [26] have found that for the case of larger bubbles, the wake effect becomes dominant 
and the bubbles would have a tendency to migrate towards the center of the channel or 
pipe. For the present study, the focus is on cases where the bubbles have a diameter of 
about 3.5 mm, and always tend to move towards the wall. Due to the buoyancy effects in 
the near-wall region, the velocity measurements show a different slope compared to the 
single phase flows as observed by Marie et al. [26]. 
 
Marie et al. [26] developed the theory of modified logarithmic law of the wall that could 
be applied to two-phase flows following a mechanistic approach. The momentum balance 










From the experiments on adiabatic two phase wall bounded bubbly flows, it is seen in the 
experiments (Marie et al. [26]), that the void fraction distribution takes the shape of a 
near-wall peak. The width of the peak is of the order of the bubble diameter. In 
accordance with the observation, Marie et al. [26] approximated the void fraction 
distribution to be a double step function, where the peak step has the width of a bubble 
diameter as seen in Fig. 5.4. The lower step represents the free stream value. Eq. (5.8) can 
then be simplified as, 
 (1 − 𝛼2) (𝜈
𝜕𝑢
𝜕𝑦
− 𝑢′𝑣′̅̅ ̅̅ ̅̅ ) = 𝑢∗
2 − 𝑔(𝛼𝑝 − 𝛼∞)𝑦 (5.9) 
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In the logarithmic region, Marie et al. [26] assumed that y is of the order of 𝐷𝑏, and hence, 
Eq. (5.9) can be further approximated as, 
 −𝑢′𝑣′̅̅ ̅̅ ̅̅ = 𝑢∗
2 − 𝑔(𝛼𝑝 − 𝛼∞)𝐷𝑏 = 𝑢∗
𝑥2 (5.10) 
The parameter 𝑢∗
𝑥 is identified as the modified velocity scale for wall bounded vertical 
bubbly flows. It takes into account the buoyancy force acting on the bubbles adjacent to 






𝛽2 = (1 −
𝐹𝑅𝛼𝑥
𝑡2












The non-dimensional parameter, 𝐹𝑅 is the frictional Froude number, which shows the 
effect of gravity acting on the bubbles. By introducing the modified velocity scale in Eq. 




𝑙𝑛𝑦+𝑥 + 𝐶𝑥 (5.13) 
The variables,𝑢+𝑥 and 𝑦+𝑥 are non-dimensionalized using the modified velocity scale 𝑢∗
𝑥. 
It can be seen that the modified log-law has the same slope as Eq. (5.1), but the y 
intercept, 𝐶𝑥 is no longer a constant, and is dependent on the parameter 𝛽 given by, 







The wall boundary conditions for 𝑘1 and 1 get modified as, 
  𝑘𝐵𝐶 =
𝑢∗
√𝐶𝜇






5.4 Near-wall modeling 
As discussed earlier, the void fraction distribution close to the wall has a characteristic 
peak at a distance of bubble radius from the wall. This is a result of the shape of the 
bubbles and the forces acting on it. In the near-wall region, the applicability of the 
conventional two-fluid model is questionable. If the bubbles are assumed to be non-
deformable, the minimum distance a bubble center can be located from the wall is 𝑦 =
𝑅𝑏. For 𝑦 < 𝑅𝑏, the applicability of wall or lift force in the conventional form may be 




Larrateguy et al. [27] and Moraga et al. [28] used a different approach to this problem. 
The concept of bubble center averaging technique was adopted. It is summarized as 
follows: the continuity and momentum equations for the liquid phase are solved in the 
conventional manner. The dispersed phase conservation equations are obtained by 
ensemble averaging the equations based on the bubble center indicator function η as 





 are post-processed to obtain the primitive variables 𝛼2 and 𝑢2. This 
is a purely geometric step where, the primitive variables are reconstructed based on the 
shape of the bubbles. The proposed averaging technique thus separates the two aspects of 
the bubble layer close to the wall, i.e., the bubble shape and the forces acting on the 
bubbles. 
 
However, this methodology is not applicable within the framework of the existing CFD 
TFM codes since the equations need to be modified and the post-processing step needs to 
be added. An alternate approach is proposed and validated in the current study. The 
interfacial forces are removed up to a distance  𝑦𝑐 from the wall, which is calculated 
based on the bubble geometry. In the present research, 𝑦𝑐 is calculated based on the 
assumption that the bubbles are spherical and non-deformable. It must be noted that the 
proposed technique can be applied to cases where the bubbles have other shapes such as 
prolong or oblate spheroidal. Fig. 5.5 shows the comparison of the void fraction profile of 
Marie et al. [26], with the assumed shape in the near-wall region used to calculate 𝑦𝑐. It 
can be seen that there is a good agreement between the two. When the void fraction 
profile is averaged, the void fraction distributions should have the same areas indicated 
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Figure 5.5: Void fraction approximation with the data of 
Marie et al. [26] 
by regions 1 and 2 in Fig. 5.6 to conserve the volume of the bubbles. This results in the 
following relation for the angle, 𝜃𝑐. 
 𝜃𝑐𝑠𝑖𝑛𝜃𝑐 + 𝑐𝑜𝑠𝜃𝑐 − 1 = 0 (5.16) 
Solving this equation results in 𝜃𝑐 ≈ 133.5
0, and subsequently, 𝑦𝑐 ≈ 1.67𝑅𝑏. Beyond 
this distance 𝑦𝑐 from the wall, the CFD TFM is solved in the usual manner.  
 
5.5 Results 
The proposed near-wall modeling technique along with the modified log-law theory of 
Marie et al. [26] are applied through CEL (CFX Expression Language) and user Fortran 
subroutines in Ansys CFX 15.0. Fig. 5.7 shows the void fraction distribution obtained 


























profile gets averaged by using the proposed near-wall modeling approach. The free 
stream value is in good agreement with the data of Marie et al. [26]. The results indicate 
the presence of a double step function like distribution similar to the assumption of Marie 
et al. [26] in developing the modified log-law. Hence, the proposed near-wall modeling 
technique is consistent. The actual void fraction profile can later be reconstructed using 
the geometry of the bubbles. 
 
It can be seen in Fig. 5.8 that the slope of the liquid velocity profile is predicted well. The 
effect of buoyancy force acting on the bubbles is reflected in the resulting velocity 
distribution. In addition, it was possible to demonstrate convergence for both the void 
fraction and the liquid velocity profiles which has not been done in the past. Once the 
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right near-wall modeling approach is used along with the wall functions based on the 
modified log-law of Marie et al. [26], the void fraction and liquid velocity distributions 
converge as seen in Fig. 5.9 and Fig. 5.10. 
 
Finally, the applicability of the wall force model is addressed to a reasonable extent. 
Typically, the wall force model of Antal et al. [37] is used to obtain the right shape of the 
void fraction profile by varying the model coefficients according to the experimental 
conditions. The model of Antal et al. [37] is developed based on the differential drainage 
of the liquid around the bubble close to the wall, and calibrated with the experiments of 
Nakoryakov, where the size of the bubbles is smaller (𝐷𝑏 = 0.87 𝑚𝑚) than the ones that 
appear in air-water bubbly flows at atmospheric conditions. Also, the liquid flow 
velocities used in the experiments of Nakoryakov are less (about 0.1 m/s) so that the 
conditions were laminar. In practice, most of the dispersed bubbly flows are characterized 
by shear induced and bubble induced turbulence (pseudo turbulence), and the bubble 
motion becomes chaotic. In addition, when the bubbles come in contact with the walls 
and the physical basis for the model of Antal et al. [37] may no longer be valid. The 








Figure 5.8: Liquid velocity predictions with near-wall 
modeling 






















Figure 5.10: Liquid velocity convergence with near-wall 
modeling 























CHAPTER 6. CFD TFM SIMULATIONS 
The Eulerian CFD TFM for transient calculations comprises of the set of equations given 
by Eqs. (2.1), (2.2), which includes continuity and momentum equations for each of the 
constituent phases along with the interphase interaction terms. The default CFD TFM 
applied with LES modeling is observed to be ill-posed. The analysis presented in Chapter 
3 is extended to 3-D CFD TFM calculations in this chapter. It is sought to achieve well-
posedness by adding essential short wavelength physics i.e., by introducing the interfacial 
pressure difference and collision terms in to the TFM formulation. The proposed near-
wall modeling approach provides appropriate treatment of the void fraction distribution 
in the near-wall region as described in Chapter 5. Well-posedness and consistency in 
near-wall modeling are necessary to perform verification and validation with 3-D CFD 
TFM. 
 
6.1 Preliminary analysis 
First, it is sought to demonstrate that well-posedness can be achieved by regularizing the 
CFD TFM as done for 1-D TFM in Chapter 4. The travelling void wave problem similar 
to the one seen in Chapter 4 is used as the test case. A 2D rectangular domain 0.1m by 
1.0m is considered. All the four walls are treated as free-slip boundaries for both the 
phases. The problem is hence made quasi 1-D, since the intention here is to focus on the 
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issues related to the well-posedness of the CFD TFM and isolating it from the other 
aspects of CFD TFM viz., turbulence, and boundary conditions. To understand the 
mathematical behavior of the TFM, it is important that a higher order numerical scheme 
with a fine enough grid is used. This ensures that the contributions from numerical 
viscosity are removed that may otherwise smoothen out the high frequency oscillations 
arising from the ill-posed nature of the model, and make it appear well-posed. 
 
Keeping this in mind, a uniform mesh with 1.25 mm grid spacing is used with a time step 
size of 2 ms. The CFD calculations are performed using ANSYS Fluent 15.0 for a total 
duration of 2 s. The initial condition is a Gaussian void fraction distribution 
superimposed with a high frequency sine wave as shown in Fig. 6.1. The higher order 
QUICK (Quadratic Upstream Interpolation for Convective Kinematics) scheme proposed 
by Leonard [70] is used for spatial discretization. If the 1-D stencil shown in Fig. 4.1 is 




(𝛼1,𝑐−1 + 𝛼1,𝑐) +
(1 − 𝜃)
2
(3𝛼1,𝑐−1 − 𝛼1,𝑐−2) (6.1) 
where, 𝜃 = 1/8 is commonly used. The bounded second order accurate implicit scheme 









 𝜙𝑛+1 2⁄ = 𝜙𝑛 +
1
2
𝛽𝑛+1 2⁄ (𝜙𝑛 − 𝜙𝑛−1) (6.3) 
and, 
 𝜙𝑛−1 2⁄ = 𝜙𝑛−1 +
1
2
𝛽𝑛−1 2⁄ (𝜙𝑛−1 − 𝜙𝑛−2) (6.4) 
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Figure 6.1: Initial void fraction distribution 
The bounding factors 𝛽𝑛+1 2⁄ , 𝛽𝑛−1 2⁄  are calculated internally based on the flow variables 
[71]. Through the method of manufactured solutions, it is confirmed that the combination 
of QUICK scheme along with the bounded second order implicit scheme in Ansys Fluent 
15.0 has an order of accuracy higher than 1 as demonstrated in Appendix D. 
 
When an ill-posed TFM formulation is used, it gives rise to pockets of high void fraction 
concentrations as seen in Fig. 6.2 (a). After adding the appropriate short wavelength 
physics (interfacial pressure, and collision force), the model is made well-posed. The 
solution obtained (Fig. 6.2 (b)) is comparable to the solution in Fig. 4.5 for the 1 D TFM 







































6.2 Transient CFD TFM analysis 
6.2.1 Experiment and problem set up 
The work of Reddy Vanga [17] on two-phase bubbly plume is chosen to validate the 
CFD TFM. A rectangular test section having a cross sectional area of 0.1 m by 0.02 m 
was used to perform the experiments. The initial level of stagnant water in the test section 
was varied between 0.2 m and 1.3 m. The gas superficial velocity ranged from 2 mm/s to 
20 mm/s. The mean bubble diameter was observed to be 3 mm. Two distinct regions 
were noted in the experiments. Close to the sparger, the bubbles rose in the stagnant 
liquid column in the form of an oscillating plume, and this gives rise to an averaged 
center-peaked void fraction profile as seen in Fig. 6.3. Far downstream, the bubbles rose 
more uniformly resulting in a wall-peaked void fraction profile similar to the results in 
the steady state calculations. In the region near the sparger, the dynamic behavior is 
caused by the liquid recirculation zones on either side of the plume, and this will be the 
focus to of the present study. The void fraction data obtained at 8 cm downstream from 
the inlet will be used for benchmarking. 
 
When CFD TFM is used with the LES approach, usually Milelli criterion [20] is followed, 
according to which the grid size is restricted by ∆> 1.5𝐷𝑏. TFM being developed based 
on continuum assumption, the restriction on the grid size based on the bubble diameter 
makes no sense physically. Also, for the geometry of Reddy Vanga [17], if the Milelli 
criterion [20] were to be followed, the minimum grid size that one could use is 5 mm, and 
the depth of the channel in y direction is 20 mm resulting in 4 equally spaced nodes. It is 
clear that a thorough convergence study can never be performed if the grid size restriction 
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based on the bubble diameter is to be imposed. Hence in the current study, the Milelli 
criterion [20] is not used in selecting the grid size, but it is followed to determine the 
filter size used in the sub-grid scale viscosity model of Smagorinsky [22]. In the current 
calculations the sub-grid scale filter size is set to 5 mm. 
 
The transient CFD calculations are performed with Ansys Fluent 15.0. The rectangular 
domain used for the study is shown in Fig. 6.4. No slip wall BC is used for the liquid 
phase, while free slip BC is used for the gas phase. Enhanced k-ε model is used to 
prescribe the wall BC for the liquid phase velocity. The laminar and the logarithmic law 
of the wall are blended using the function proposed by Kader [72] resulting in, 










where, a = 0.01, b = 5. It is concluded in Fluent theory manual [71] that the blending 
function approach predicts the right asymptotic behavior for large and small y+, and at the 
same time it gives a reasonable prediction for y+ in the range 3 < y+ < 10. This is suitable 
in the current study since the Reynolds number associated with the flow in general is very 
less. 
 
The grid convergence test is performed with three different grid sizes, 5 mm, 2.5 mm and 
1.25 mm. The time step sizes chosen are 8 ms, 4 ms, and 2 ms respectively. QUICK 
scheme is chosen for the spatial discretization and bounded second order implicit scheme 
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for the temporal discretization. Time averaged void fraction profiles are obtained using 
monitor lines at 8 cm from the inlet.  
 
6.2.2 Results 
Initially, the basic CFD TFM with the proposed near-wall modeling is used to simulate 
the plume oscillations, i.e, without the interfacial pressure or collision mechanism. The 
coarse mesh with Δx = 5 mm gives a well-behaved numerical solution as seen in Fig. 6.5. 
The plume structure at three different time frames are shown, and it can be noticed that 
the CFD TFM is capable of capturing the dynamics of the instability. When the mesh is 
refined, the solution starts to show high void fraction regions in the domain as seen in Fig. 
6.6 (b). This is similar to the observations made in the case of traveling void wave 
problem (Fig. 6.2 (a)), and it again indicates the ill-posedness in the basic CFD TFM. The 
non-physical high concentration regions are not seen when the coarse mesh is used  
because of the inherent numerical diffusion that arises from the coarse discretization. 
When the properly posed CFD TFM is used by including the contributions from 
interfacial pressure and collision terms, the solution obtained with the refined mesh is 








Figure 6.3: Structure of the plume 






































































Figure 6.6: Contours of α2 with ill-posed TFM (a) Δx = 5 mm, 






















Figure 6.7: Contours of α2 with well-posed TFM (a) Δx = 5 





















Well-posedness is an important feature of the numerical TFM without which, 
convergence studies will no longer be feasible. At the same time, regularization needs to 
be done by adding physically motivated terms in order to avoid over damping of the 
system. Now that the CFD TFM is made well-posed by adding appropriate short 
wavelength physics, the grid convergence test is performed. Time series of the void 
fraction and liquid velocities are obtained at the monitor point located at the coordinates 
(0.05, 0.01, 0.2), where it is expected to be characterized by liquid eddies having a wide 
range of frequencies. For the case of 5 mm mesh, the time series shows a periodic 
behavior characterized by specific frequencies as shown in Fig. 6.8. Typically, phase 
space plots are used to describe the non-linear dynamics to characterize the system. The 
given time series and its lagged series are used to visualize the trajectories in the phase 
space, using a suitable time lag (0.5 s in the current study). As seen in Fig. 6.9, the phase 
space plot indicates a closed trajectory that is followed periodically. The time series and 
the phase space plots clearly indicate limit cycle behavior. The other parameter 
commonly used for statistical analysis is the Fast Fourier Transform (FFT) spectra. The 
time series is transformed in to Fourier frequency domain by performing an FFT, where 
the time-velocity or time-void fraction data sets are converted to frequency-amplitude 








where, 𝜑′ represents the series of fluctuations in 𝜑 given by, 
 𝜑′ = 𝜑 − ?̅? (6.8) 
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where, ?̅? represents the mean 𝜑 calculated from the time series. In the present study, 𝜑 =
[𝛼2, 𝑢1] is used for spectral analysis. The FFT spectra of both 𝛼2, and 𝑢1 (Fig. 6.10, Fig. 
6.11) exhibit distinct isolated frequencies. This indicates a lack of interaction between the 
different Fourier components that exists for a turbulent flow characterized by chaos. 
When a 2.5 mm mesh is used, the time series of liquid velocity is shown in Fig. 6.12, 
which can be noticed to be non-periodic. On the phase space plot (Fig. 6.13), the 
trajectories are inter-woven and are not distinct as opposed to well-defined trajectories 
that is seen with the 5 mm mesh simulations (Fig. 6.9). This is a clear indicator of a 
chaotic behavior. The FFT spectra (Fig. 6.14, Fig. 6.15) indicate continuous distributions 
on the frequency domain. This makes it possible to cascade or transfer energy through the 
interacting Fourier modes. A similar set of results is obtained for the case of 1.25 mm 
mesh, which exhibits chaotic behavior as well (Fig. 6.16 – Fig. 6.19). 
 
It can be seen (Fig. 6.20, Fig. 6.21) that the void fraction and liquid velocity results 
obtained with the 2.5 mm and 1.25 mm mesh show good spectral convergence. Another 
significant feature is the prevalence of -5/3 slope in the turbulent kinetic energy (TKE) 
spectra for both 𝑗𝑔 = 2 𝑚𝑚/𝑠, and 𝑗𝑔 = 6 𝑚𝑚/𝑠 cases as seen in Fig. 6.22, Fig. 6.23. 
Finally, the results using the CFD TFM developed in the present study is compared with 
the void fraction data of Reddy Vanga [17] as shown in Fig. 6.24, which indicates a good 
convergence as well. Thus, it is shown here that the 3-D CFD TFM for wall-bounded 
bubbly flows can be made well-posed and convergent by adding appropriate short 
wavelength physics along with a consistent near-wall modeling. 
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Figure 6.8: Time series plot of u1, Δx = 5 mm 























Figure 6.10: FFT speactra of α2, Δx = 5 mm 























Figure 6.12: Time series plot of u1, Δx = 2.5 mm 





















Figure 6.14: FFT spectra of α2, Δx = 2.5 mm 






















Figure 6.16: Time series plot of u1, Δx = 1.25 mm 





















Figure 6.18: FFT spectra of α2, Δx = 1.25 mm 






















Figure 6.20: Convergence of α2 spectra 





















Figure 6.22: Energy spectra, jg = 2 mm/s 








































CHAPTER 7. CONCLUSIONS AND RECOMMENDATIONS 
7.1 Summary of Work 
In Chapter 2, the 3-D TFM of Ishii [2] for incompressible vertical bubbly two-phase 
flows along with the closure relations for the interfacial momentum transfer terms and 
turbulence modeling were described. The simplified 3-D TFM was the starting point to 
derive the area-averaged 1-D TFM, which is efficient for analysis where significant 
changes occur in the direction of the flow. Only the momentum transfer contributions 
from drag, and virtual mass forces were preserved since they are dominant in the axial 
direction. If the assumptions are made that volumetric flux is constant, and the density 
ratio 𝜌2 𝜌1⁄ ≪ 1, this 4-equation TFM can be reduced to a fixed-flux 2-equation TFM, 
which is an appropriate simplification in the context of short wavelength physics. It may 
be suitable for air-water two-phase flows as the density ratio is much lesser than 1. 
However, it is inappropriate to analyze system or integral instabilities, where the constant 
flux assumption breaks down.  
 
In Chapter 3, the complete linear stability analysis of the 1-D TFM was presented. The 
nature of the eigenvalues determine the mathematical behavior of the model. For the 
TFM to be well-posed, it needs to be hyperbolic which is determined by the material 
roots being real. Previous results obtained by Pauchon and Banerjee [1], Haley et al. [7], 
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and Park et al. [8] were confirmed. To overcome the issue of conditional well-posedness, 
the mechanism of collision is considered. The model of Alajbegovic et al. [15] is adapted 
to develop a correlation suitable for bubbly two-phase flows. It was shown that by adding 
collision mechanism, the TFM can be made unconditionally well-posed. Additionally, the 
developed collision force model is suitable in any of the modeling frameworks, unlike the 
original model which depends on the particle stress tensor that is calculated only when 
Reynolds stress transport modeling is performed. It was also shown that the model is 
capable of predicting the correct right kinematic wave velocities. Dispersion analysis was 
used to demonstrate the need for physical regularization. It was shown that viscous 
stresses alone are not sufficient to stabilize the TFM.  
 
In Chapter 4, numerical simulations were performed with void propagation and 1-D 
fixed-flux 2-equation TFM to understand the non-linear evolution of the kinematic void 
wave. A traveling void wave problem was used to demonstrate the issue of ill-posedness. 
It was shown that when an incomplete TFM formulation is used, it results in high 
frequency oscillations. When the physical mechanisms of interfacial pressure and bubble 
collisions were added, the TFM becomes properly posed as an initial value problem. This 
eliminated the non-physical high frequency oscillations. Also, it was shown that when the 
flow is stable, the results obtained with the drift flux void propagation equation and 
fixed-flux 2-equation TFM are identical. The wave propagation velocity is determined by 
the drift velocity correlation for the void propagation equation and by the drag coefficient 
for the fixed-flux TFM. 
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In Chapter 5, it was shown that the results from 1-D linear and non-linear analysis can be 
extended to 3-D CFD TFM calculations. It was demonstrated with the traveling wave 
problem that the CFD TFM can be well-posed with the inclusion of missing short 
wavelength physics, i.e. interfacial pressure and collision forces. The issue of the near-
wall modeling was addressed with a new approach that converges, and is consistent with 
the modified logarithmic law of the wall theory of Marie et al. [26]. Furthermore, the 
near-wall modeling approach used in the present study eliminated the need for a wall 
force model. The experiment of Reddy Vanga [17] was used to validate the well-posed 3-
D CFD TFM developed in the present study. It was observed that the CFD calculation 
with the coarse mesh resulted in a limit cycle while for the case of a turbulent bubbly 
two-phase flow, one may expect chaos. However, when the refined meshes were used, 
the solutions were chaotic. Thus, it was shown that the use of grid size restrictions (eg. 
Milelli, [20]) may lead to inappropriate physical results. Since the TFM of Ishii [2] or 
Vernier and Delhaye [3] was developed based on continuum approach, it should be free 
from such criteria. In addition, it was also observed that the CFD calculations on bubble 
column revealed the -5/3 Komogorov scaling typically used to characterize the eddies in 
the inertial range for turbulent flows. The well-posed Eulerian CFD TFM is shown to be 
convergent in a statistical sense by comparing the FFT spectra and time averaged void 
fraction profiles. 
 
In Appendix A and Appendix B, the exact analytical solutions to the eigenvalues were 
presented after including interfacial pressure and collision force terms in the TFM 
formulation. In Appendix C, the effect of compressibility on the eigenvalues of the TFM 
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was discussed. It was shown that the acoustic roots do not affect the well-posedness of 
the TFM. Finally in Appendix D, the method of manufactured solutions is presented in 
the framework of 1-D TFM code and CFD TFM of ANSYS Fluent 15.0. It was verified 
that the numerical schemes used in the present study had orders of accuracy higher than 
one. 
 
It is hence shown that the TFM may become well-posed as an initial value problem if the 
appropriate physics are added. For the case of bubbly flows, the mechanism of collision 
is deemed necessary to regularize the TFM and make it unconditionally well-posed. This 
aspect of the numerical TFMs (1-D or 3-D CFD) is important to make convergence study 
feasible. Otherwise, the solution gets affected by high frequency oscillations when the 
mesh is refined as demonstrated. In addition, for the case of 3-D TFM, the near-wall 
region needs to be treated appropriately in order to make the solution consistent with the 
boundary conditions and to obtain convergence in this region. 
 
7.2 Recommendations 
The author would like to make the following recommendations based on the current TFM 
analysis: 
1. The convergent well-posed TFM developed in the present study is capable of 
being applied to flows where local void fractions are higher than 26 %. Hence, a 
possible extension of the current work may be to explore the flow regime 
transition, and to understand the phenomena from the perspective of void wave 
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instability. It would be interesting to observe if this instability could be modeled 
for vertical two-phase flows that may eventually lead to flow regime transition.  
2. The current research can be extended to understand the dynamic behavior of two-
phase jets. The proposed TFM can be used with an appropriate three field two-
fluid model similar to Lopez de Bertodano et al. [73], and Prabhudharwadkar et al. 
[74]. Experiments of Sun et al. [75] on a rectangular channel give measurements 
of void fraction distribution data of the small and big bubbles that can be used to 
validate the model. 
3. In addition, the applicability of the well-posed TFM in conjunction with the 
interfacial area transport equation (IATE) can be explored for 1-group and 2-
group cases. The resulting model will be more predictive, since the morphology 
of the bubbles will be determined by the interfacial area concentration, which is 






















Appendix A Characteristics 
One of the methods to determine the well-posedness of a mathematical model is to 
analyse the eigenvalues or characteristics of a system of equation. It is demonstrated by 
Ramshaw and Trapp [4] that in the limit of 𝜆 → 0 the dispersion analysis and the 
characteristics analysis become identical. For the case of 4 equation 1-D TFM, the 










𝜙 + 𝐹 = 0 (A.1) 
The coefficient matrix A is given by, 
 𝐴 = [
𝐴11 0 0 0
𝐴21 0 0 0
0 𝐴32 𝐴33 0




𝐴11 = 1 
𝐴21 = 1 
𝐴32 = 𝜌1(1 − 𝛼2) + 𝐶𝑉𝑀𝜌1𝛼2 
𝐴33 = −𝐶𝑉𝑀𝜌1𝑢2𝛼2 
𝐴42 = −𝐶𝑉𝑀𝜌1𝛼2 
𝐴43 = 𝜌2𝛼2 + 𝐶𝑉𝑀𝜌1𝛼2 
(A.3) 
 
The coefficient matrix B is given by, 
 𝐵 = [
𝐵11 𝐵12 0 0
𝐵21 0 𝐵23 0
𝐵31 𝐵32 𝐵33 𝐵34





𝐵11 = 𝑢1 
𝐵12 = −(1 − 𝛼2) 
𝐵21 = 𝑢2 
𝐵23 = 𝛼2 
𝐵31 = −𝐶𝑃𝜌1𝑢𝑟
2 
𝐵32 = 𝑢1(𝜌1(1 − 𝛼2) + 𝐶𝑉𝑀𝜌1𝛼2) 
𝐵33 = −𝐶𝑉𝑀𝜌1𝑢2𝛼2 
𝐵34 = 1 − 𝛼2 
𝐵42 = −𝐶𝑉𝑀𝜌1𝑢2𝛼2 + 2𝐶𝑃𝜌1𝑢𝑟𝛼2 
𝐵43 = −2𝐶𝑃𝜌1𝑢𝑟𝛼2 + 𝑢2(𝜌2𝛼2 + 𝐶𝑉𝑀𝜌1𝛼2) 
𝐵44 = 𝛼2 
(A.5) 
The coefficient matrix D is given by, 
 𝐷 = [
0 0 0 0
0 0 0 0
0 𝐷32 0 0




𝐷32 = 𝜌1(𝜈1 + 𝜈1,𝑆𝑎𝑡𝑜) 
𝐷43 = 𝜌2𝜈2 
(A.7) 
 
The source term matrix F is given by, 
 𝐹 = [
0
0






The constraint equation for the eigenvalues is given by, 
 Det(𝐴𝜆 − 𝐵) = 0 (A.9) 
The resulting eigenvalues corresponding to the material waves are, 
 𝜆1,2 = 𝜉 ± √𝜂 (A.10) 
where, 
 𝜉 =
𝜌1𝐶𝑉𝑀(𝛼2𝑢1 + 𝛼1𝑢2) − 𝛼1(𝜌1𝐶𝑃𝑢𝑟 − 𝜌1𝛼2𝑢1 − 𝜌2𝛼1𝑢2)
𝜌1𝐶𝑉𝑀 + 𝛼1(𝜌1𝛼2 + 𝜌2𝛼1)
 (A.11) 
 
 𝜂 = 𝜂1 + 𝜂2𝜂3 (A.12) 
where, 




















Appendix B Collision 
The model proposed by Alajbegovic et al. [15] is used in the current study. It is given by, 
 𝑀𝑐𝑜𝑙𝑙 = −∇. [(𝜌2 + 𝜌1𝐶𝑉𝑀)𝑔(𝛼2)𝛼2
2(2𝑢2
′ 𝑢2
′̅̅ ̅̅ ̅̅ + 𝑢2
′ . 𝑢2
′̅̅ ̅̅ ̅̅ ̅𝐼)] (B.1) 
where, I represents the identity tensor. Assuming the bubbles to be in turbulence 
equilibrium with the liquid, the stress tensors in the two medium can be related by, 
 𝑢2
′ 𝑢2







′̅̅ ̅̅ ̅̅  
(B.2) 





and 𝜏𝑝 represents the particle relaxation time which can be obtained from the force 
balance on a single bubble given by, 

















For the case of Stokes’ flow, 
𝜏𝑝
𝜏𝑐⁄ ≪ 1 , whereas for the case of air-water turbulent 
bubbly flows, the ratio 
𝜏𝑝
𝜏𝑐⁄  may be much higher. Further, the bubble induced 














If an assumption is made that, the stress tensor associated with the bubbles is isotropic, 
and using Eq. (B.2) - (B.6), Eq. (B.1) can be simplified as, 




For the case of linear stability analysis, the momentum transfer term due to collisions in 
























It must be kept in mind that the collision force model used here is based on hard sphere 
collisions which may not be sufficient to represent the bubble-bubble interactions seen in 
reality. 
 
When the collision term is added to the TFM, the elements 𝐵41, 𝐵43, and 𝐵43 become, 










 𝐵42 = −2𝐶𝑐𝑜𝑙𝑙𝜌1𝐶𝑉𝑀
2 𝛼2
3𝑢𝑟𝑔(𝛼2) − 𝐶𝑉𝑀𝜌1𝑢2𝛼2 + 2𝐶𝑃𝜌1𝑢𝑟𝛼2 (B.11) 
 
 𝐵43 = 2𝐶𝑐𝑜𝑙𝑙𝜌1𝐶𝑉𝑀
2 𝛼2
3𝑢𝑟𝑔(𝛼2) − 2𝐶𝑃𝜌1𝑢𝑟𝛼2 + 𝑢2(𝜌2𝛼2 + 𝐶𝑉𝑀𝜌1𝛼2) (B.12) 
The eigenvalues corresponding to the material waves get modified as, 




𝐶𝑈𝛼1 − 2𝛼2(𝜌1𝐶𝑉𝑀(𝛼2𝑢1 + 𝛼1𝑢2) − 𝛼1(𝜌1𝐶𝑃𝑢𝑟 − 𝜌1𝛼2𝑢1 − 𝜌2𝛼1𝑢2))




 𝜂′ = 𝜂′1 + 𝜂′2(𝜂′3 + 𝜂′4) (B.15) 
where, 





𝛼2(𝜌1𝐶𝑉𝑀 + 𝛼1(𝜌1𝛼2 + 𝜌2𝛼1))
 (B.17) 
 
 𝜂′3 = 𝐶𝑈𝛼1(𝛼2𝑢1 + 𝛼1𝑢2) (B.18) 
 
 







− 𝐶𝑃𝜌1𝑢𝑟(2(𝛼2𝑢1 + 𝛼1𝑢2) + 𝛼2𝑢𝑟))) 
(B.19) 
where, 
 𝐶𝑈 = 2𝐶𝑐𝑜𝑙𝑙𝜌1𝐶𝑉𝑀
2 𝛼2
3𝑢𝑟𝑔(𝛼2) (B.20) 
Finally, the collision term can also be cast into 2-equation TFM framework. The 
coefficient of the void fraction gradient term appearing in Eq. (2.51) gets modified as, 
 𝐵21






𝐶𝑉𝑀 + 𝛼1(1 − 𝛼1)
) (𝐶1 + 𝐶2 + 𝐶3) (B.21) 
where, 𝐵21 is given by Eq. (2.52). The terms 𝐶1, 𝐶2, and 𝐶3 are given by, 





 𝐶2 = 2𝑢𝑟(1 − 𝛼1)𝑔(𝛼2) (B.23) 
 






The coefficient of the velocity gradient term appearing in Eq. (2.51) gets modified as, 
 𝐵22






𝐶𝑉𝑀 + 𝛼1(1 − 𝛼1)
) 𝐶4 (B.25) 
 





Appendix C Effect of compressibility 
Some of the commonly observed two-phase flows occur at conditions where 
compressibility of the phases may need to be considered. The ideal gas law is used to 
relate density in terms of pressure. Including the effect of compressibility in the 1-D TFM 


















































𝑇 ) − 𝛼1𝜌1𝑔𝑥 − 𝑀2𝑖
𝑉𝑀 − 𝑀2𝑖
𝐷





















− 𝛼2𝜌2𝑔𝑥 + 𝑀2𝑖
𝑉𝑀 + 𝑀2𝑖
𝐷  (C.4) 
 
With regards to the system of equations seen in Appendix A, the following modifications 





















The air-water data Henry et al. [76], and steam-water data of Dejong and Firey [77] are 
used to compare the acoustic speeds predicted by the proposed TFM. The table below 
summarizes the densities and sonic speeds of the two phases used.  
Table C 1: Parameters to calculate acoustic speed 
Parameter Henry et al. 
[76], 25 psia 
Henry et al. 
[76], 65 psia 
Dejong and Firey 
[77], 59 psia 
Dejong and Firey 
[77], 99 psia 
c1 (m s
-1) 1501.6 1502.1 1477.9 1433.8 
c2 (m s
-1) 353.27 353.71 491.32 497.37 
ρ1 (kg m-3) 996.59 996.71 922.34 903.57 
ρ2 (kg m-3) 1.9364 5.0371 2.1972 3.5796 
 
When the eigenvalues are evaluated for the compressible TFM system of equations, the 
acoustic roots in addition to the material roots are obtained as a function of 𝛼2. A 
reasonable comparison is obtained with both the air-water data of Henry et al. [76], and 
steam-water data of Dejong and Firey [77] over a range of pressure conditions as seen in 
Fig. C 1 and Fig. C 2.  
 
Having seen that the acoustic speeds of the two-phase mixtures are well-predicted by the 
proposed TFM, it also remains to be proven that compressibility has no effect on the 
material wave propagation. Depending on the nature of the roots of characteristic 
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polynomial, the system is classified as either well-posed or ill-posed. First, the effect of 
adding interfacial pressure and virtual mass is shown by comparing the plots of 
characteristic polynomial for different values of 𝛼2 (Fig. C.3). It can be seen that the 
results are in accordance with Fig. 3.1, where, the well-posedness of the TFM is restricted 
to α2 < 0.26. Fig. C 3 shows that for α2 = 0.2, 0.24, a total of 4 real roots are obtained, of 
which 2 pertain to the material wave, and hence the system is classified as well-posed 
under those conditions. However, for the case of α2 = 0.28, only two real roots are 
obtained pertaining to the acoustic speeds since the TFM becomes ill-posed. 
 
Fig. C 4 shows the effect of adding collision mechanism for the case of α2 = 0.28., where 
the TFM was ill-posed previously. It is seen that there exist 4 real roots, 2 corresponding 
to the acoustic wave speeds of the mixture and 2 corresponding to the material wave 
speeds, since the TFM becomes well-posed by adding the inter-bubble collision term. 








































































































Appendix D Method of Manufactured Solutions 
Code verification is a necessary procedure to be done to assess the order of accuracy. The 
usual procedure is to perform numerical calculations with the numerical code for a case 
where the exact solution is known. The numerical solution obtained is then compared 
with the exact solution using one of the standard norms for different grid sizes to 
compute the order of accuracy. However, for the case of TFM, there is no known solution 
that makes use of all the terms appearing in the TFM.  
 
The alternative is to adopt the method of manufactured solutions proposed by Roache 
[78]. The procedure is straightforward to be implemented in any numerical code. A form 
of an exact solution is picked, which is then substituted into the governing equations 
resulting in additional source terms. These terms are then added to the original source 
terms present in the model on the right hand side of the respective equations. When the 
system of equations is solved, the difference between the numerical solution and the 
exact proposed solution is used to obtain the order of convergence 
 





















− 𝑆 (D.2) 
The following form of exact solution is used, 
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 ?̃?1 = 𝐶1 + 𝐷1𝑠𝑖𝑛(𝜅(𝑥 − 𝑐𝑡)) (D.3) 
 
 ?̃?1 = 𝐶2 + 𝐷2𝑠𝑖𝑛(𝜅(𝑥 − 𝑐𝑡)) (D.4) 
Substituting Eq. (D.3) and Eq. (D.4) in Eqs. (D.1), (D.2), the following source terms can 
be obtained 
 
𝑆𝛼1 = 𝜅 (−𝑐𝐷1𝑐𝑜𝑠(𝜅(𝑥 − 𝑐𝑡)) + 𝐶1𝐷2𝑐𝑜𝑠(𝜅(𝑥 − 𝑐𝑡))
+ 𝐶2𝐷1𝑐𝑜𝑠(𝜅(𝑥 − 𝑐𝑡))




𝑆𝑢1 = 𝜅 (−𝑐𝐷2𝑐𝑜𝑠(𝜅(𝑥 − 𝑐𝑡)) + ?̃?21𝐷1𝑐𝑜𝑠(𝜅(𝑥 − 𝑐𝑡))
+ ?̃?22𝐷2𝑐𝑜𝑠(𝜅(𝑥 − 𝑐𝑡))) − ?̃? 
(D.6) 
where, ?̃?21, ?̃?21 are the coefficients 𝐵21, 𝐵22as functions of the exact solution ?̃?1, ?̃?1. ?̃? 
represents the RHS of Eq. (2.51) using ?̃?1, ?̃?1. When the proposed form of the exact 





















= 𝑆 + 𝑆𝑢1 (D.8) 
 
The values of the constants are summarized in Table D 1. The domain considered for the 
problem extends from – 𝜋 to – 𝜋. The number of grid points considered for the problem 
are N = 160, 320, 640, 1280. The calculations are performed for a total duration of 4 s by 
fixing the time step based on ∆𝑡 ∆𝑥⁄ = 0.05. The resulting solutions are compared with 
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Figure D 1: Rate of convergence for 2-equation 
TFM 
the exact solutions to obtain the order of convergence using L2 norm. It can be seen in Fig. 
D 1 that the FOU scheme with first order time marching approach gives a linear 
convergence rate. When MUSCL scheme is used with the 3rd order Runge-Kutta method, 
a higher order convergence is obtained.  
Table D 1: Parameters for MMS with 2-equation TFM 
Parameter Value 
C1 0.9 
C2 0.2 (m/s) 
D1 0.05 
D2 0.05 (m/s) 
κ 60 (m-1) 












The approach of verification and validation is extended to CFD analysis with the 
commercial code ANSYS Fluent (version 15.0). Researchers in the past have been 
successful in implementing MMS to verify the Navier Stokes solvers using the method of 
manufactured solutions. This includes the work of Roy et al. [79], and Vedovoto et al. 
[80]. Very little has been done for the case of MMS applied to TFM solvers. Choudhary 
et al. [81] performed MMS for the TFM implemented in the commercial code MFIX.  
In the present work, the verification procedure is performed on a 2-D domain for the 
incompressible TFM. It was noted previously that for the case of single phase 
incompressible flows, the velocity field chosen as an exact solution must be divergence 
free, i.e., ∇. 𝑢 = 0. For two-phase flows, the analogous constraint would be a divergence 
free volumetric flux, i.e., ∇. 𝑗 = 0. Similar to Vedovoto et al. [80], the initial conditions 
are described for void fraction, x component velocity, y component velocity and pressure 
given by, 




(𝑥 + 𝑦)) (D.9) 
 




(𝑥 + 𝑦)) (D.10) 
 
 𝑝 = 𝑝0 (𝑐𝑜𝑠 (
2𝜋
𝜆
(𝑥 + 𝑦)) − 1) (D.11) 
 
 ?̃?2 = 𝛼2,0 + 𝛿𝑐𝑜𝑠 (
2𝜋
𝜆
(𝑥 + 𝑦)) (D.12) 
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The source terms for the 2 continuity equations and the 4 momentum equations get 
modified as, 
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(𝑥 + 𝑦)) 𝛿𝑠𝑖𝑛 (
2𝜋
𝜆
(𝑥 + 𝑦))) 
(D.18) 
A square domain 1 m by 1 m is chosen for the CFD calculations. Uniform grid with 80 x 
80, 160 x 160, 320 x 320, and 640 x 640 nodes are chosen. The time step size is chosen 
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such that Δ𝑡 Δ𝑥⁄ = 0.1. The calculations are performed for 2s using QUICK scheme for 
spatial discretization and second order implicit temporal scheme. Table D 2 summarizes 
the parameters used for verifying the CFD TFM code (ANSYS Fluent 15.0). It can be 
seen from Fig. D 2 that for the case of velocities, convergence with O(1.9) is obtained, 
while for void fraction and pressure, convergence with O(1.5) is seen.  
 
 






p0 1 (Pa) 
α2,0 0.05 () 
δ 0.01 () 
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